Planar Strips and an End Concept for Digraphs

vorgelegt von

Diplom-Mathematiker

Jĺorg Zuther

aus Geesthacht

Vom Fachbereich 03 Mathematik der Technischen Universitĺat Berlin zur Erlangung des akademischen Grades eines Doktors der Naturwissenschaften genehmigte Dissertation

PromotionssauschuSS:

Vorsitzender: Prof. Dr. R. Wĺust Berichter: Prof. Dr. Heinz A. Jung Berichter: Prof. Dr. Rudolf Halin (Hamburg)

Tag der wissenschaftlichen Aussprache: 14.02.1997

Berlin 1997 D83

PromotionssauschuSS:

Vorsitzender: Prof. Dr. R. Wĺust Berichter: Prof. Dr. Heinz A. Jung Berichter: Prof. Dr. Rudolf Halin (Hamburg)

Tag der wissenschaftlichen Aussprache: 14.02.1997

Zusammenfassung

Diese Arbeit besteht aus zwei Teilen. Im ersten Teil wird ein Endenkonzept fĺur gerichtete Graphen eingefĺuhrt und untersucht. Sind Θ und Θ^′ zwei gerichtete Wege in einem Digraphen Δ, so bedeute a) Θ ≤ Θ^′, daSS es unendlich viele paarweise disjunkte Θ → Θ^′-Wege gibt und b) Θ ∼ Θ^′, daSS sowohl Θ ≤ Θ^′ als auch Θ^′ ≤ Θ gilt. Da ≤ eine Quasiordnung ist, ist ∼ eine ĺAquivalenzrelation, und ≤ induziert eine partielle Ordnung auf der Menge der ∼- Klassen, die Enden genannt werden. Es werden eine notwendige und einige hinreichende Bedingung(en) dafĺur vorgestellt, daSS eine abstrakte Ordnung durch die Endenordnung eines Digraphen darstellbar ist. Des weiteren enthĺalt diese Arbeit Resultate ĺuber endengleiche Ober- und Unterdigraphen, Translationen von Digraphen sowie Enden von eckentransitiven Digraphen. Die Hauptergebnisse des ersten Teils sind:

1) Jeder abzĺahlbare Digraph mit einer Anfangsecke, in dem es kein Paar ≤-vergleichbarer ω-Enden gibt, enthĺalt eine ω-endengleiche, aufspannende Arboreszenz.

2) Sei Δ ein unendlicher, zusammenhĺangender und eckentransitiver Digraph. Wenn der Δ zugrundeliegende ungerichtete Graph genau zwei Enden hat, dann ist Δ ein gerichteter Strip. Jeder gerichtete Strip hat genau zwei zusammengesetzte Enden. Ist Δ auSSerdem lokal^nit oder stark zusammenhĺangend und hat der Δ zugrundeliegende ungerichtete Graph mindestens 2^{ℵ0} Enden, so hat Δ wenigstens 2^{ℵ0} zusammengesetzte Enden.

Der zweite Teil dieser Arbeit enthĺalt eine vollstĺandige Klassi^zierung aller eckentransitiven planaren Strips. Jeder solche Strip hat einen der Eckentypen (3^6), (3^3.4^2), (3^2.4.3.4), (4^4), (6^3), oder (4.8^2). (Der Eckentyp eines ebenen Graphen beschreibt die zyklische Anordnung der Lĺander um eines Ecke des Graphen, wobei diese Anordnung bei allen Ecken die gleiche sein muSS.) Der zweite Parameter der Klassi^zierung, κ_∞ (die minimale Anzahl von Ecken, die man aus dem Graphen entfernen muSS, um wenigstens zwei unendliche Komponenten zu erhalten), durchlĺauft N. Bei einigen Eckentypen ist ein dritter Parameter nĺotig. Dieser Parameter nimmt fĺur festes κ_∞ aber nur endlich viele Werte an.

Abstract

This thesis is divided into two parts. In the ^rst part, an end concept for directed graphs is introduced and examined. For two one-way in^nite directed paths Θ and Θ^′ of a digraph Δ de^ne: a) Θ ≤ Θ^′ if there are in^nitely many pairwise disjoint directed paths from Θ to Θ^′; b) Θ ∼ Θ^′ if Θ ≤ Θ^′ and Θ^′ ≤ Θ. The relation ≤ is a quasiorder, and hence ∼ is an equivalence relation (whose classes are called ends). Furthermore, ≤ induces a partial order on the set of ends of a digraph. A necessary and some suf^cient condition(s) are presented for an abstract order to be representable by the end order of a digraph. Furthermore, there are several results concerning endfaithful super- and subdigraphs, translations of digraphs and ends of vertex-transitive digraphs. The main results of the ^rst part are:

1) Every countable digraph with an initial vertex and no pair of ≤-comparable ω-ends contains an ω-endfaithful, spanning arborescence.

2) Let Δ be an in^nite, connected, vertex-transitive digraph. If the underlying undirected graph of Δ has exactly two ends, then Δ is a directed strip. Every directed strip has exactly two composed ends. If Δ is locally ^nite or strongly connected and the underlying undirected graph of Δ has at least 2^{ℵ0} ends, then Δ has at least 2^{ℵ0} composed ends.

The second part of this thesis gives a complete classi^cation of the vertex-transitive, planar strips. It turns out that any such strip has one of the vertex types (3^6), (3^3.4^2), (3^2.4.3.4), (4^4), (6^3), and (4.8^2). (The vertex type of a plane graph describes the cyclic ordering of the faces around a vertex of the graph, where this order has to be the same at each vertex.) The second parameter of the classi^cation, κ_∞ (which is the minimum number of vertices which one has to remove from the graph to obtain at least two in^nite components), ranges over

N. For some of the vertex-types, a third parameter is necessary. For ^xed κ_∞, this parameter

ranges over a ^nite set of values.

Lebenslauf

Persĺonliche Daten Jĺorg Zuther geb. am 13. April 1967 in Geesthacht ledig

Schulausbildung 1973 Ű 1977 Grundschule in Geesthacht 1977 Ű 1986 Otto-Hahn-Gymnasium in Geesthacht 31. Mai 1986 Abitur

Studium:

Okt. 1986 Ű Jan. 1994 Mathematik, Universitĺat Hamburg Schwerpunkte: Algebra, Topologie, Approximation, Graphentheorie Nebenfĺacher: Informatik (Schwerpunkte: Programmiersprachen, Formale Sprachen, Petri-Netze), Wirtschaftswissenschaften, Physik 18. Januar 1994 Diplom April 1994 Ű Sept. 1996 Doktorand im Graduiertenkolleg Ť‘Algorithmische Diskrete MathematikŤ’ an der Technischen Universitĺat Berlin 31. Oktober 1996 Abgabe der Dissertation 14. Februar 1997 Verteidigung der Dissertation

Acknowledgements

This thesis is based on my research as a member of the graduate school ŞAlgorithmische Diskrete MathematikŤ in Berlin^1. I would like to thank my supervisor Prof. Dr. Heinz A. Jung for his stimulations, valuable comments, and guidance. I also want to thank my teacher Prof. Dr. Rudolf Halin, who introduced me to the fascinating ^eld of in^nite graph theory, for taking on the second assessment of this thesis.

Further, I would like to thank Dr. Peter Niemeyer for his helpful and inspiring discussions and Matthias Kriesell for proof-reading the manuscript. Finally, I thank the graduate school for its support and all other people who made it possible for me to work out this thesis.

Jĺorg Zuther Berlin, October 1996

1The graduate school ŞAlgorithmische Diskrete MathematikŤ is supported by the Deutsche Forschungsgemeinschaft, grant We 1265/2-1.

vi

Contents

Introduction 1

1 Preliminaries 5 1.1 Set Theoretic Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.2 Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Algebraic Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.4 (Di)Graphs, Sub-/Super(di)graphs, Minors, Subdivisions . . . . . . . . . . 7 1.5 Paths and Tracks, Cycles and Circuits. Reachability . . . . . . . . . . . . . 8 1.6 Vertices and Local Structures . . . . . . . . . . . . . . . . . . . . . . . . . 10 1.7 Connectivity and Separation . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.8 Miscellaneous . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2 An End Concept for Digraphs 13 2.1 De^nition and Basic Properties . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2 Thickness of Ends . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.3 End Orders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.4 Endfaithful Sub- and Superdigraphs . . . . . . . . . . . . . . . . . . . . . 30 2.5 Geodesic, In^nite Tracks in Digraphs . . . . . . . . . . . . . . . . . . . . 36 2.6 Ends in Vertex-Transitive Digraphs and Automorphisms . . . . . . . . . . 38 2.6.1 Ends and Automorphisms of Undirected Graphs . . . . . . . . . . 38 2.6.2 Ends and Automorphisms of Digraphs . . . . . . . . . . . . . . . . 40 2.7 Digraphs Without 1-Tracks . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3 The Classi^cation of All Vertex-Transitive, Planar Strips 49 3.1 Preliminaries, Part 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.2 The Classi^cation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 3.2.1 ρ = 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 3.2.2 ρ = 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 3.2.3 ρ = 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 3.2.4 ρ = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 3.3 Final Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

Bibliography 85 viii

Introduction

In the early 40’s, FREUDENTHAL [21], [22] and HOPF [40] investigated discrete groups with the aid of the end concept which, beforehand, had been used to obtain certain closures and compacti^cations of continuous structures (see, e.g., FREUDENTHAL [20]). Until recently, there occasionally appeared papers referring to the work of HOPF and FREUDENTHAL, for example [75], [76], [10], [11], [39], and [90].

In the mid-sixties, HALIN started a broad attack on the in^nite graphs by studying their ray structure (a ray is a one-way in^nite path) in a series of papers (see [29], [27], [31], [30], [32], [33], [34], [35], [36]). In [29], he independently reintroduced an end concept for graphs based on rays^2 which turned out to be a basic and important tool in in^nite graph theory. Despite the fact that HALIN’s research left open a lot of interesting problems it only caused a very weak echo till the end of the 70’s^3 when POLAT ([61], [62], [64], [63], [65], [66]; see [67] for an overview) started a profound inquiry of the in^nite graphs by using a more topological approach.

Among the questions HALIN posed the following is perhaps the one which stirred up the most attention: In his already mentioned fundamental paper [29], HALIN showed that every connected, countable graph Γ has an endfaithful spanning tree (i.e. a spanning tree of Γ whose end structure coincides with the end structure of Γ), raising the problem whether all graphs contain such a spanning tree. This problem was solved in the negative sense not until 1989 by SEYMOUR and THOMAS [74] and in 1990 independently by THOMASSEN [79] by constructing counterexamples. Other papers dealing with endfaithful spanning trees are an early work of JUNG [43], the above mentioned paper of POLAT [64] who, in addition, did a lot of further work on this problem (see e.g. [69], [70], and [72]), several inquiries ([12], [14]) and an overview [13] of DIESTEL, some works of “SIR ťA “N and others ([84], [26], and [83]), and some other articles, for example by SABIDUSSI [73], VESTERGAARD [82], and BROCHET and DIESTEL [9].

The study of the relationships between the ends and the automorphisms of a graph began with the seminal paper [34] of HALIN which contained an abundance in both important

2An end of a graph Γ is an equivalence class with respect to the following relation on the set of all rays of Γ: Two rays Π, Π0 of Γ are called equivalent if they cannot be separated by a ^nite subgraph of Γ. Note that an end of Γ can be regarded as an ideal vertex of the graph Γ and that it is possible to extend MENGER’s Theorem such that it ^ts also for these ideal vertices (see ZELINKA [92], and [35], [61], [68], [71]). Note further that the ends of a CAYLEY graph of an (in^nite) ^nitely generated group coincide with the ends of the group.

3The following problem attracted some attention from the mid-seventies on: Call a graph Γ normal if a graph Γ0 contains in^nitely many pairwise disjoint subdivisions of Γ whenever Γ0 contains n pairwise disjoint subdivisions of Γ for every n 2 N. In [32] and [33], HALIN showed that rays and 2-rays (two-way in^nite paths) are normal. In [36] he proved that every tree with maximum degree 3 is normal. Later, ANDREAE demonstrated in a series of papers ([2], [3], [4], [5], [6]) among other things that also every countable, rayless tree and every locally ^nite tree is normal. Some other related papers are [53], [91], [81], and [19].

and basic results. Above all, it was the notion of the later so-called translations (Şautomorphisms of type 2Ť in HALIN’s paper) which proved to be powerful in the investigation of in^nite graphs, in particular in connection with their end structure. HALIN also derived theorems of the ^xed point type as well as results about locally ^nite graphs with an uncountable automorphism group. Subsequent papers were busy in generalizing and simplifying HALIN’s results and proofs (e.g. [45], [16]), in the application of HALIN’s concepts to vertex-transitive graphs (e.g. JUNG [44]; JUNG and WATKINS [50]; DIESTEL, JUNG, and M ĺOLLER [16]), and in obtaining new theorems of the ^xed point type (e.g. JUNG [47]). Some of them used methods HALIN did not use (e.g. the fragment concept in [44] and [50]).

The notion of a translation is closely related to a very well known class of 2-ended graphs called strips (see e.g. [50]). WATKINS [88] classi^ed all edge-transitive, planar strips. In the second part of this thesis, a classi^cation of all vertex-transitive, planar strips is given. The property of being vertex-transitive is interesting in combination with the end structure of a graph, since every in^nite, connected, vertex-transitive graph Γ has either 1, 2, or at least 2^{ℵ0} ends (see [16]). In fact, in the 2-ended case Γ is a strip. In the in^nitely ended case, Γ has a sort of tree-like structure which is fairly good to handle, because an essential portion of this tree-like structure is due to translations. M ĺOLLER [55], [56], [57] studies the in^nitely ended case using the concept of structure trees. A lot of interesting results concerning in^nite, connected, vertex-transitive, locally ^nite graphs (not only concerning the in^nitely ended case) can be found in [80].

The end structure of a graph provides least information if the graph has only one end. Hence the one-ended case in the above mentioned result is the most dif^cult one. Consequently, some recent papers and works of JUNG and NIEMEYER (see [46], [48], [58], [59]) study certain re^nements of HALIN’s end concept. The most promising one is an equivalence relation on the set of rays of a graph which is based on the HAUSDORFF-distance.

In the literature so far, the end notion seems to have been used only in the investigation of undirected graphs. The question occurs, whether it is possible to de^ne an analogue of the end notion for digraphs. It is the purpose of the ^rst part of this thesis (Chapter 2) to show that an analogue of Şundirected endsŤ for digraphs makes sense and to point out and to examine some differences to ends in undirected graphs. The end concept for digraphs introduced in Section 2.1 can be regarded both as a generalization of the end notion for undirected graphs as well as a re^nement of certain subends of the underlying undirected graph. (Any graph Γ can be understood as a symmetric digraph by substituting each edge of Γ by a directed cycle of length 2, and any digraph Δ can be regarded as a special orientation of the underlying undirected graph.) The following is an important question though it is not answered in this thesis:

Problem 1.

Can Şdirected endsŤ be productively used in the investigation of undirected in^nite graphs? 2 To state things in a more detailed fashion, note that, for the purpose of distinction, directed paths (resp. cycles) will be called tracks (resp. circuits). (A comprehensive, detailed, and (hopefully) clearly arranged presentation of the terminology which is used throughout this thesis can be found in Chapter 1.) For two one-way in^nite tracks Ů brie~y called 1-tracks Ů Θ and Ψ in a digraph Δ let Θ ≤_Δ Ψ mean that there are in^nitely many pairwise disjoint Θ → ΨŰtracks and Θ ∼_Δ Ψ mean that Θ ≤ Ψ and Ψ ≤ Θ. Then ≤ is a quasiorder and ∼ is an equivalence relation on the set of all 1-tracks of Δ. The classes with respect to ∼

Introduction 3

are also called ends, and ≤ establishes a partial order on the set of ends of Δ. In Section 2.1 some basic results on ends in digraphs are proved and some differences to ends in undirected graphs are pointed out. For example, if 1-tracks are comparable, they cannot be separated by a ^nite subdigraph, but nevertheless they can belong to different ends. (In an undirected graph, however, every pair of distinct ends can be separated by a ^nite subgraph.) Moreover, there are three different end-notions for digraphs: ω-ends (containing only 1-tracks going to in^nity), ω^∗-ends (containing only 1-tracks coming from in^nity), and composed ends (possibly containing both types of one-way in^nite tracks). Furthermore, if E is an end and S is a strong component of the digraph Δ, then either a rest of every 1-track ∈ E is contained in S, or every 1-track ∈ E has only ^nitely many vertices in common with S.

Under these circumstances, one may ask whether it is justi^ed to call the ∼-classes ŞendsŤ, since they are not ends in the topological sense. Nevertheless, these Şdirected endsŤ are a generalization of the ŞundirectedŤ end notion, and they re~ect the rami^cation structure of the 1-tracks in a natural way. However, for a full justi^cation of this naming, a sort of Şdirected topologyŤ ought to be developed.

In Section 2.3, the following question Ů which is not very interesting for undirected graphs Ů is considered: Which types of abstract orders can arise on sets of ends of digraphs? An abstract poset (X,≤) is said to be ω-representable if there is a digraph Δ such that the ω-end-poset of Δ is order isomorphic to (X,≤). A necessary condition for an order to be ω-representable is that every strictly increasing sequence has a supremum. Section 2.3 also contains a suf^cient condition, but it is a slightly technical. From that suf^cient condition, the fact that a chain is ω-representable if and only if every strictly increasing sequence has a supremum can be derived. Dual results are valid for ω^∗-ends. Furthermore, some results concerning composed-end-representability are presented.

Section 2.4 is concerned with the search of simple sub- and superdigraphs of a digraph Δ which have the same end structure as Δ. A subdigraph Ξ of Δ is called endfaithful with Δ if Ξ contains a 1-track from every end of Δ and, whenever two 1-tracks belong to distinct ends of Ξ, they belong also to distinct ends of Δ. A characterization of those digraphs which are endfaithful with their symmetric (resp. transitive) hull is given. A vertex v of a digraph Δ is called an initial vertex of Δ if Δ contains a v → w-track for every vertex w of Δ. It is proved that every countable digraph Δ with an initial vertex and no pair of ≤-comparable ω-ends contains an ω-endfaithful, spanning arborescence with the initial vertex v. This generalizes an old result of HALIN (Satz 3 in [29]).

The other sections of Chapter 2 are all devoted to the generalization of results about rays in undirected graphs to results about one-way in^nite tracks in digraphs. It is shown in Section 2.2 that every digraph contains a system of disjoint ω-tracks of maximum cardinality, which generalizes Satz 1 of [32]. There exists an analogue of the characterization of rayless graphs given in [30] by HALIN for digraphs (Section 2.7). WATKINS [87] showed that in a vertex-transitive, in^nite, connected, locally ^nite graph every vertex lies on a geodesic twoway in^nite path. A generalization of this result for digraphs can be found in Section 2.5 where it is proved that every vertex of an in^nite, connected, v-transitive digraph Δ lies on a two-way in^nite track (which can be chosen to be geodesic if Δ is locally ^nite). The main result of Chapter 2 is a digraph-adapted version of the above mentioned theorem that every in^nite, connected, vertex-transitive graph has 1, 2, or at least 2^{ℵ0} ends and can be found at the end of Section 2.6. Among other things, it states that every vertex-transitive, connected digraph Δ such that the underlying undirected graph has exactly two ends is a directed strip, and that every directed strip has exactly two composed ends. (A directed strip is a connected, locally ^nite digraph Δ admitting a translation such that the underlying undirected graph has exactly two ends.) Further, it includes the statement that every vertex-transitive, connected, locally ^nite digraph such that the underlying undirected graph has at least 2^{ℵ0} ends has at least 2^{ℵ0} composed ends. Section 2.6 contains also some statements concerning translations of digraphs.

The second part of this thesis (Chapter 3) is occupied with the classi^cation of all vertextransitive, planar strips. One of the main parameters of the classi^cation is κ_∞, the minimal number of vertices one has to remove from the graph to obtain at least two in^nite components. Every vertex-transitive, planar strip Σ with κ_∞(Σ) ≥ 3 is 3-connected. Hence it has a unique embedding into the plane in the sense that the cyclic order of the edges around a vertex is the same at every vertex in every embedding Ů up to a possible simultaneous reversal of the cyclic edge orderings at all vertices. It follows that Ů apart from a ^nite number of exceptions with the connectivities 1 resp. 2 Ů every vertex-transitive, planar strip has a vertex type. It is possible to apply EULER’s Formula to planar strips, and one easily derives that there are only eleven vertex types which an in^nite, vertex-transitive, planar graph can have. Taking into account that Σ is a vertex-transitive strip, one can exclude ^ve more vertex types, and it turns out that Σ must have one of the vertex types (3^6), (3^3.4^2), (3^2.4.3.4), (4^4), (6^3), and (4.8^2). If Σ is a planar strip of one of these vertex types with κ_∞(Σ) ≥ 3, then there is only a ^nite number (depending on κ_∞ and the vertex type) of possible structures for Σ. All these structures are determined, yielding that every planar strip of one of the vertex types (3^6), (3^3.4^2), (4^4), (6^3), and (4.8^2) with κ_∞ ≥ 3 is vertex-transitive. If Σ has the vertex type (3^2.4.3.4), then there is only one family that is vertex-transitive whereas all others are not. Besides the exploitation of the properties of planar graphs that have a vertex type the classi^cation also relies on the fact that a vertex-transitive, planar strip can be embedded on the surface of a 2-way in^nite cylinder in a certain way. Further, a lemma is used which enables one to recognize end-separators of cardinality κ_∞ of a planar strip.

Versions of the Sections 2.1 and 2.3 will appear in Discrete Mathematics [94].

Chapter 1

Preliminaries

1.1 Set Theoretic Notation

The relations Şproper subset ofŤ (Şsubset ofŤ, Ş^nite proper subset ofŤ, Ş^nite subset ofŤ) are denoted by ⊂ (⊆, ¡, ⊑), respectively. The empty set is denoted by /0. For the set of natural numbers and its n^{th} segments the following symbols shall be used: N := {1,2,3,...},

N_0 := {0,1,2,...}, [n] := {1,2,...,n}, [0] := /0. The set of all integers, rational numbers, and

real numbers will be denoted by Z, Q, and R, respectively. If X is a set, then |X| shall denote the cardinality of X. |X| = ∞ expresses the fact that |X| is in^nite. If ν is a cardinal, then succ(ν) denotes the smallest cardinal > ν. The predecessor of a non-limit ordinal ν is denoted by pred(ν). If X and Y are sets, then X ×Y := {(x,y) | x ∈ X,y ∈ Y } denotes the Cartesian product of X and Y . A partition of the set X is a set of pairwise disjoint non-empty subsets of X such that the union of all these sets yields X. Throughout this thesis, the symbol a may be shorthand for {a}.

1.2 Relations

If X and Y are sets, then f ⊆ X ×Y is called a map or function (from X into Y ) (written f : X → Y ) if, for every x ∈ X, there exists a unique y_x ∈ Y such that (x,y_x) ∈ f . y_x is also denoted by f (x). If S ⊆ X, then f [S] := { f (x) | x ∈ S} denotes the image of S under f , and f may be shorthand for f ∩ (S × Y ). If f : X → Y and f^′ : Y → Z are maps, then f ∘ f^′ := {(x, f^′( f (x)) | x ∈ X} ⊆ X × Z is a map which is called the composition of f and f^′. A map f : X → Y is called...

...injective if, for all x, x^′ ∈ X, f (x) = f (x^′) implies x = x^′. ...surjective if f [X] = Y .

...bijective if f is injective and surjective.

If X is a set and R ⊆ X × X, then R is called a relation on X, and (X,R) denotes the set X with the relation R. Instead of (x,y) ∈ R, it is often written xRy. A relation R on X is called... ...re~exive if, for all x ∈ X, (x,x) ∈ R.

...symmetric if, for all x,y ∈ X, (x,y) ∈ R implies (y,x) ∈ R. ...antisymmetric if, for all x,y ∈ X, (x,y), (y,x) ∈ R implies x = y. ...transitive if, for all x,y,z ∈ X, (x,y), (y,z) ∈ R implies (x,z) ∈ R. ...total if, for all x,y ∈ X, (x,y) ∈ R or (y,x) ∈ R.

(X,R) (the relation R) is called a...

...quasiordered set or quoset (quasiorder), respectively, if R is a re~exive and transitive relation on X.

...partially ordered set or poset (partial order), respectively, if R is a re~exive, antisymmetric, and transitive relation on X. x ∈ X is called a least (greatest) element of (X,R) if, for all y ∈ X, xRy (yRx), respectively.

...totally ordered set or chain (total order), respectively, if R is a partial order and, in addition, a total relation on X.

...(dually) well-ordered set or (d)woset ((dual) well order), respectively, if every non-empty subset of X contains a least (greatest) element, respectively. Every (d)woset is a chain. ...R-partitioned set (equivalence relation), respectively, if R is a re~exive, symmetric and transitive relation.

If (X,≤) is a quoset and Y ⊆ X, then (Y,≤) shall be used instead of (Y,≤ ∩(Y ×Y )), and if x,y ∈ X, then x < y means that x ≤ y and y ≰ x, and x ≥ y means that y ≤ x. Further, two disjoint subsets Y , Y^′ of X are called independent if, for all y ∈ Y , y^′ ∈ Y^′, neither y ≤ y^′ nor y^′ ≤ y. If (X,≤) is a poset, then x ∈ X is called the supremum (in^mum) of A ⊆ X, if a ≤ x (a ≥ x) holds for all a ∈ A and, whenever a ≤ y ∈ X (a ≥ y ∈ X) holds for all a ∈ A, then y ≥ x (y ≤ x), respectively. Y ⊆ X is called upper (lower) bounded (in (X,≤)) if there exists x ∈ X such that, for all y ∈ Y , y ≤ x (x ≤ y), respectively. A strictly increasing sequence (x_i)_{i∈}N in (X,≤) is a sequence x_1 < x_2 < x_3 < ... of elements of X. Two posets (X,≤), (X^′,≤^′) are called (order) isomorphic if there exists a bijective map φ : X → X^′ such that, for all x,y ∈ X, x ≤ y if and only if f (x) ≤^′ f (y).

If R is a relation on the set X, then let, for every x ∈ X, R(x) := {y ∈ X | (x,y) ∈ R}, X_R := {R(y) | y ∈ X}, R^{−1} := {(y,z) | (z,y) ∈ R}, ŸR := R ∩ R^{−1}, and R^∗ := {( ŸR(x), ŸR(y)) | there are x^′ ∈ ŸR(x),y^′ ∈ ŸR(y) such that (x^′,y^′) ∈ R}.

Clearly, if R is an equivalence relation on X, then {R(x) | x ∈ X} is a partition of X, and the R(x), x ∈ X, are called the classes (of R). The following is a very well known order theoretic result [ref. to [18], p.62, 3.19 Satz]:

Proposition 1.1.

Let (X,R) be a quoset. Then ŸR is an equivalence relation and R^∗ a partial order on X_{ŸR}. 2

ω denotes the order type of N.

1.3 Algebraic Notation

A group (G,∘) is a set G containing an element e, the so-called neutral element (of G), together with a map ∘ : G × G → G such that, for all f ,g,h ∈ G, ∘(∘( f ,g),h) = ∘( f ,∘(g,h)) and, for all g ∈ G, ∘((e,g)) = ∘((g,e)) = g and there exists g^{−1} ∈ G such that ∘((g,g^{−1})) = ∘((g^{−1},g)) = e. Every group contains exactly one neutral element. H ⊆ G is called a subgroup (of G) (in symbols: H ≤ G) if (H,∘) is a group. Instead of ∘((g,g^′)) = h, it is written

1.4 (Di)Graphs, Sub-/Super(di)graphs, Minors, Subdivisions 7

g ∘ g^′ = h. For every g ∈ G, let g^0 := e and g^i := g^{i−1} ∘ g and g^{−i} := (g^i)^{−1} (i ∈ N). Then, for every g ∈ G, < g > := {g^i | i ∈ Z} ≤ G.

Let (G,∘) be a group with the neutral element e and X be a non-empty set. It is said that G acts on X if there exists a map • : G × X → X such that, for all g,h ∈ G and x ∈ X, •((e,x)) = x and •((g ∘ h,x)) = •((g,•((h,x)))). It is said that G acts transitively on X if, for all x, y ∈ X, there exists a g ∈ G such that •((g,x)) = y. The relation R_G := {(x,y) | There exists g ∈ G such that • ((g,x)) = y} ⊆ X × X is an equivalence relation whose classes are called orbits (of G in X (with respect to •)).

Let n, m ∈ Z. The fact that n is (not) divisible by m is written m | n (m - n), respectively. m mod n denotes the unique integer 0 ≤ k < n such that m = cn + k for some c ∈ Z.

1.4 (Di)Graphs, Sub-/Super(di)graphs, Minors, Subdivisions

A graph Γ is a set V (Γ) Ů the vertex set of Γ Ů whose elements are called the vertices (of Γ), together with a set E(Γ) of 2-element subsets of V (Γ) Ů the edge set (of Γ) Ů whose elements are called the edges (of Γ), and it will be written Γ = (V,E). A directed graph (or digraph) Δ is a set V (Δ) Ů the vertex set of Δ Ů whose elements are also called vertices, together with a relation A(Δ) on V (Δ) Ů the arc set of Δ Ů whose elements are called the arcs (of Δ), and it will be written Δ = (V,A). The (di)graphs considered in this thesis are assumed to have no multiple edges (arcs), though, in digraphs, 2-circuits may be possible, i.e. (u,v) ∈ A(Δ) and (v,u) ∈ A(Δ). Throughout this thesis, uv will be shorthand for {u,v} whenever {u,v} is an edge of some graph.

If Δ and Δ^′ are (di)graphs and if there exists a bijective map φ : V (Δ) → V (Δ^′) such that, for all u,v ∈ V (Δ), uv ∈ E(Δ) ((u,v) ∈ A(Δ)) if and only if φ(u)φ(v) ∈ E(Δ^′) ((φ(u),φ(v)) ∈ A(Δ^′)), then Δ and Δ^′ are called isomorphic, and φ is called an isomorphism (between Δ and Δ^′). If Δ = Δ^′, then φ is also called an automorphism (of Δ). Aut(Δ) denotes the set of all automorphisms of a (di)graph Δ and is a group together with the composition of maps.

Two vertices u,v of a (di)graph Δ are called adjacent if uv ∈ E(Δ) ((u,v) ∈ A(Δ) or (v,u) ∈ A(Δ)). If uv is an edge ((u,v) is an arc) of Δ, then it is said that the edge uv (the arc (u,v)) is incident with the vertices u and v.

Ξ is called a sub(di)graph of Δ and Δ is called a super(di)graph of Ξ (in symbols: Ξ ⊆ Δ) if V (Ξ) ⊆ V (Δ) and E(Ξ) ⊆ E(Δ) (A(Ξ) ⊆ A(Δ)) such that E(Ξ) (A(Ξ)) does not contain an edge (arc) that is incident with a vertex /∈ V (Ξ). Sets of vertices, edges, and/or arcs may be identi^ed with sub(di)graphs. If Ξ is a sub- or super(di)graph of Δ, then it is said that Ξ spans Δ if V (Ξ) = V (Δ). Ξ ⊑ Δ means that Ξ is a ^nite sub(di)graph of Δ. If Ξ ⊆ Δ, then Δ[Ξ] denotes the induced sub(di)graph of Δ on V (Ξ), i.e. V (Δ[Ξ]) = V (Ξ) and E(Δ[Ξ]) (A(Δ[Ξ])) contains all edges (arcs) of Δ that are not incident with a vertex /∈ V (Ξ). Δ − Ξ denotes the induced sub(di)graph of Δ which is spanned by V (Δ) −V (Ξ).

Clearly, Aut(Δ) acts on the set of all sub(di)graphs of Δ. If φ ∈ Aut(Δ) and Ξ ⊆ Δ, then φ[Ξ] denotes the subgraph of Δ resulting from this action.

If P is a partition of the vertex set of the (di)graph Δ, then ΔP denotes the (di)graph which has P as its vertex set and where, for S,T ∈ P , S ≠ T , there is the edge ST (the arc (S,T )) if and only if there is an edge st (an arc (s,t)) in Δ with s ∈ S and t ∈ T . Ξ is called a minor of the graph Γ if Ξ is isomorphic to a subgraph of some ΓP , where P is a partition of V (Γ) such that, for every P ∈ P , Γ[P] is connected.

If Δ is a digraph, then...

...Δ^s := (V (Δ),A(Δ) ∪ (A(Δ))^{−1}) is called the symmetric hull of Δ.

...Δ^t , the transitive hull of Δ, is the (uniquely determined) minimal spanning superdigraph of Δ such that A(Δ^t ) is a transitive relation.

...Δ^∗ := ΔV SC , where V SC denotes the partition of V (Δ) de^ned by the strong components of Δ (see Section 1.7).

...Δ^u, the underlying undirected graph of Δ, is the graph with V (Δ^u) = V (Δ) and E(Δ^u) = {uv | u ≠ v, (u,v) ∈ A(Δ) or (v,u) ∈ A(Δ)}.

For the de^nition of paths and tracks see the next section. A (di)graph Δ^{sub} is called a subdivision of Δ if Δ^{sub} is isomorphic to some (di)graph that can be obtained from the (di)graph Δ by replacing every edge vw (arc (v,w)) of Δ by a v,w-path (v → w-track) of length > 0 which has (except v and w) no vertex in common with Δ nor with any other Şreplacing pathŤ (Şreplacing trackŤ). Let Δ^{sub} be a subdivision of the (di)graph Δ, φ : V (Δ^′) → V (Δ^{sub}) be an isomorphism between Δ^′ and Δ^{sub}, where Δ^′ is a (di)graph which has been obtained from Δ by replacing the edges (arcs) of Δ with paths (tracks), and ψ : V (Δ) → V (Δ^′) be de^ned by ψ(v) = v for all v ∈ V (Δ). Then any vertex ∈ φ[ψ[V (Δ)]] is called a main vertex of Δ^{sub} (with respect to φ).

1.5 Paths and Tracks, Cycles and Circuits. Reachability

A graph Γ is called a...

...path (of length n) if it is isomorphic to the graph Π with V (Π) = {v_0,v_1,...,v_n} and E(Π) = {v_{i−1}v_i | i ∈ [n]} (n ∈ N_0 ). The vertices of Γ that correspond to the vertices v_0 and v_n of Π are called the rim vertices (of Γ).

...cycle (of length n) if it is isomorphic to the graph Π with V (Π) = {v_0,v_1,..., v_{n−1}} and E(Π) = {v_{i−1}v_i | i ∈ [n], indices mod n} (n ∈ {0} ∪ {3,4,5,...}).

...one-way in^nite path (or ray) if it is isomorphic to the graph Π with V (Π) = {v_i | i ∈ N} and E(Π) = {v_iv_{i+1} | i ∈ N}. The vertex of Γ that corresponds to the vertex v_1 of Π is called the rim vertex (of Γ).

...two-way in^nite path (or 2-ray) if it is isomorphic to the graph Π with V (Π) = {v_i | i ∈ Z} and E(Π) = {v_iv_{i+1} | i ∈ Z}.

Two rays Π, Ψ of the graph Γ are called (end-)equivalent (in symbols: Π ∼_Γ Ψ) if there is a ray Φ which has in common in^nitely many vertices both with Π and Ψ. The relation ∼_Γ is an equivalence relation whose classes are called the ends (of Γ). The set of all ends of Γ is denoted by Ω_Γ.

1.5 Paths and Tracks, Cycles and Circuits. Reachability 9

A digraph Δ is called a(n)...

...zigzag-track (of length n) if it is isomorphic to some graph Θ with V (Θ) = {v_0,v_1,...,v_n} such that, for each i ∈ [n], A(Θ) contains exactly one element of the set {(v_{i−1},v_i), (v_i,v_{i−1})} and nothing else (n ∈ N_0 ). The vertices of Δ that correspond to the vertices v_0 and v_n of Θ are called the rim vertices (of Δ).

...track (of length n) if it is isomorphic to the graph Θ with V (Θ) = {v_0,v_1,...,v_n} and A(Θ) = {(v_{i−1},v_i) | i ∈ [n]}. The vertex of Δ that corresponds to the vertex v_0 (v_n) of Θ is called the initial (terminal) vertex (of Δ), respectively.

...circuit (of length n) if it is isomorphic to the graph Θ with V (Θ) = {v_0,v_1,..., v_{n−1}} and A(Θ) = {(v_{i−1},v_i) | i ∈ [n], indices mod n} (n ∈ N_0 ).

...1-zigzag-track if it is isomorphic to some graph Θ with V (Θ) = {v_i | i ∈ N} such that, for each i ∈ N, A(Θ) contains exactly one element of the set {(v_{i+1},v_i), (v_i,v_{i+1})} (and nothing else). The vertex of Δ that corresponds to the vertex v_1 of Θ is called the rim vertex (of Δ). ...ω-track if it is isomorphic to the graph Θ with V (Θ) = {v_i | i ∈ N} and A(Θ) = {(v_i,v_{i+1}) | i ∈ N}.

...ω^∗-track if it is isomorphic to the graph Θ with V (Θ) = {v_i | i ∈ N} and A(Θ) = {(v_{i+1},v_i) | i ∈ N}.

...1-track if it is either an ω- or an ω^∗-track.

...2-zigzag-track if it is isomorphic to some graph Θ with V (Θ) = {v_i | i ∈ Z} such that, for each i ∈ Z, A(Θ) contains exactly one element of the set {(v_{i+1},v_i), (v_i,v_{i+1})} (and nothing else).

...2-track if it is isomorphic to the graph Θ with V (Θ) = {v_i | i ∈ Z} and A(Θ) = {(v_i,v_{i+1}) | i ∈ Z}.

A zigzag-track is called proper if it is not a track. Note that every single vertex of a (di)graph can be interpreted as a path ((zigzag-)track) and also as a cycle (circuit) of length 0. T_Δ(∞) (T_Δ(ω), T_Δ(ω^∗)) denotes the set of all 1- (ω-, ω^∗-) tracks of the digraph Δ, respectively. If Θ, Θ^′ are 1-tracks and are both ω- or both ω^∗-tracks, then Θ and Θ^′ are said to have the same direction. Otherwise, Θ and Θ^′ are said to have opposite directions. Every in^nite subpath (subtrack) of a path (1-track) Θ is called a rest of Θ. If Ξ is a sub(di)graph of the (di)graph Δ and Θ is a ray (1-track) of Δ, then, if it exists, rest(Θ − Ξ) denotes the maximum subray (sub-1-track) of Θ in Δ − Ξ, respectively. A digraph Δ is called acyclic if it does not contain circuits of length > 0.

Let Θ be a (^nite or in^nite) path (track), respectively. Then, for u,v ∈ V (Θ), Θ[u,v] denotes the minimal subpath (subtrack) of Θ which includes both u and v, respectively. Further, Θ[u,v) := Θ[u,v] − v, Θ(u,v] := Θ[u,v] − u, and Θ(u,v) := Θ[u,v] − u − v. If Θ is a ray (1-track) belonging to the end^1 E, then, for v ∈ V (Θ), Θ[v,E) denotes the minimal subray (sub-1-track) of Θ which contains v, respectively. Further, Θ(v,E) := Θ[v,E) − v. If Θ is a 2-track such that the ω-subtracks belong to an end F and the ω^∗-subtracks belong to an end E, then Θ is also called an E → F -track. E,F -rays are de^ned in a similar manner. Further, subtracks (subpaths) of an E → F -track (E,F -ray) like Θ[v,F ) etc. are de^ned in the same way as the above subtracks (subpaths), respectively.

1For the de^nition of ŞdirectedŤ ends, see Section 2.1

Let Δ be a digraph and Ξ,Ξ^′ ⊆ Δ. Every zigzag-track (track) with its one rim vertex (initial vertex) ∈ Ξ and its other rim vertex (terminal vertex) ∈ Ξ^′ and having no further vertex in common with Ξ ∪ Ξ^′ is called a Ξ,Ξ^′-zigzag-track (a Ξ → Ξ^′-track), respectively. Ξ^′ is said to be reachable from Ξ (written Ξ →_Δ Ξ^′) if there exists a Ξ → Ξ^′-track in Δ. Ξ ↔_Δ Ξ^′ abbreviates the fact that Ξ and Ξ^′ are mutually reachable from each other. V_Δ(v →) (V_Δ(→ v)) denotes the set of all vertices that are reachable from v (resp. v is reachable from) and is called the transmitting (receiving) area (of v) (v ∈ V (Δ)), respectively. Clearly, (V (Δ),→_Δ) is a quoset.

Let Θ be an arbitrary (^nite or in^nite) track. If v ∈ V (Θ), then v is said to be on the track Θ. If Ξ,ϒ ⊆ Θ, Ξ ∩ ϒ = /0, and v →_Θ w holds for all v ∈ V (Ξ), w ∈ V (ϒ), then it is said that ŞΞ is before ϒ on ΘŤ or Şϒ is behind Ξ on ΘŤ.

Two paths (tracks) Π, Π^′ in a (di)graph Δ are called inner disjoint if, apart from their rim vertices, Π and Π^′ are disjoint.

Remark 1.2.

If Δ is a digraph, then every (^nite or in^nite) path of Δ^u corresponds to an (equivalence)class of zigzag-tracks of Δ which all have the same vertices in the same arrangement. The set of all these classes is a partition of the set of all zigzag-tracks of Δ and can be mapped bijectively to the set of all paths of Δ^u, so that there is hardly any difference between running along the zigzag-tracks without consideration of the direction of the af^liated arcs and examining the underlying undirected paths. 2

1.6 Vertices and Local Structures

A vertex w of the graph Γ is called a neighbour of the vertex v (of Γ) if wv ∈ E(Γ). The degree of a vertex v (of Γ) is the cardinality of the set of all neighbours of v in Γ. Γ is called locally ^nite if all its vertices have a ^nite degree. If ν is some cardinal, then Γ is called ν-regular if all its vertices have the degree ν. If Ξ, ϒ ⊆ Γ, then dist(Ξ,ϒ), the distance of Ξ and ϒ (in Γ), is the length of a shortest Ξ,ϒ-path in Γ if it exists. If such a path does not exist, then the distance is de^ned to be in^nite.

A vertex w of the digraph Δ is called an inneighbour (outneighbour, neighbour) of a vertex v of Δ if (w,v) ∈ A(Δ) ((v,w) ∈ A(Δ), (w,v) ∈ A(Δ) or (v,w) ∈ A(Δ)), respectively. The indegree (outdegree, degree) of a vertex v of Δ is the cardinality of the set of all inneighbours (outneighbours, neighbours) of v in Δ, respectively. Δ is called inner locally ^nite (outer locally ^nite, locally ^nite) if all its vertices have a ^nite indegree (outdegree, degree), respectively. If ν and ţ are cardinals, then Δ is called (ν,ţ)-regular if every vertex of Δ has the indegree ν and the outdegree ţ.

A vertex v of the digraph Δ is called an initial vertex (a terminal vertex) of Δ if V_Δ(v →) = V (Δ) (V_Δ(→ v) = V (Δ)), respectively.

1.7 Connectivity and Separation 11

1.7 Connectivity and Separation

A graph Γ is called connected if, for every u,v ∈ V (Γ), Γ contains a u,v-path. A component of Γ is a maximal, connected subgraph of Γ. Let n ∈ N. Γ is called n-connected if Γ has at least n + 1 vertices and, for every pair u,v ∈ V (Γ), there exist at least n pairwise inner disjoint u,v-paths in Γ. The connectivity (of Γ) is the minimum cardinal κ(Γ) such that Γ is κ(Γ)-connected but not succ(κ(Γ))-connected.

A subgraph Ξ of Γ is said to separate Γ or to be a separator of Γ if Γ − Ξ has at least two components. Let E and F be ends of Γ. It is said that Ξ separates E and F (in Γ) or that Ξ is an E,F -separator if, for every Π ∈ E, Ψ ∈ F , Π and Ψ are in different components of Γ − Ξ. If Ξ is an edge set and Ξ separates Γ (E and F ), then Ξ is also called an edgeseparator (E,F -edge-separator) of Γ, respectively. A(n) (edge-) separator of cardinality ν is also called a ν-(edge)-separator.

The following terminology stems mainly from [49] and [50]. If Y is a subset of V (Γ), then ∂Y , the boundary of Y (in Γ), is de^ned to be the set of vertices /∈ Y that are adjacent to some vertex in Y . Further, Y denotes the set V (Γ) \Y \ ∂Y . For the purpose of investigating the connectivity of in^nite graphs, it is worth to examine the following parameters:

κ_∞(Γ) := min{|∂Y | | Y and Y are both in^nite subsets of V (Γ)}

λ_∞(Γ) := min{|F| | F ⊆ E(Γ) and Γ − F has at least two in^nite components}

If the corresponding minimum is taken over an empty set, then, by convention, this fact is written as κ_∞(Γ) = ∞.

A subset Y of V (Γ) is called an (in^nite) fragment of Γ if Y and Y are both in^nite and |∂Y | = κ_∞(Γ) is ^nite.

A digraph Δ is called...

...(weakly) connected if Δ^u is connected.

...unilaterally connected if, for all u,v ∈ V (Δ), u is reachable from v or v is reachable from u. ...strongly connected if, for all u,v ∈ V (Δ), u ↔_Δ v.

A (weak) (unilateral, strong) component of Δ is a maximum, (weakly) (unilaterally, strongly) connected subdigraph of Δ, respectively. Clearly, the set consisting of every vertex set of a strong component of Δ is a partition of V (Δ).

Two subdigraphs Ξ, ϒ of the digraph Δ are called (strongly) separated in Δ if no weak component of Δ contains vertices of both Ξ and ϒ. Further, ϒ is said to be weakly separated from Ξ (in Δ) if ϒ is not reachable by Ξ.

1.8 Miscellaneous

A (di)graph Δ is called v-transitive (e-transitive (a-transitive)) if Aut(Δ) acts transitively on V (Δ) (E(Δ) (A(Δ))), respectively.

A k-regular spanning subgraph of Γ is also called a k-factor (of Γ).

Let m, n ∈ N and Γ be a graph. Γ is called a K_n if it is isomorphic to a graph having n vertices and containing all possible edges between these vertices. Γ is called a K_{m;n} if it is isomorphic to the graph Γ^′ with V (Γ^′) = {v_i,w_j | i ∈ [m], j ∈ [n]} and E(Γ^′) = {v_iw_j | i ∈ [m], j ∈ [n]}.

A connected graph without cycles is called a tree. An arborescence is an acyclic digraph Λ such that Λ^u is a tree, and which has an initial vertex. If Λ is an arborescence all of whose vertices have the outdegree 2, then Λ is called a dyadic arborescence.

Let Γ be a graph. The diameter (of Γ) (in symbols: diam(Γ)) is de^ned as follows:

diam(Γ) := max{dist(x,y) | x,y ∈ V (Γ)} , if the maximum exists 0 , if V (Γ) = /0 ∞ , otherwise.

In a designation of the form X_Δ or X_Δ(Y ) the parameter Δ may be suppressed whenever there is no danger of confusion. If it is said that some graphs are disjoint this always means that these graphs are vertex-disjoint.

Chapter 2

An End Concept for Digraphs

2.1 De�nition and Basic Properties

The relation ≤_Δ on T_Δ(∞) mentioned in the introduction is fundamental to all further investigations in this chapter. Hence, its de^nition will be repeated here, followed by some basic statements about it.

De^nition 2.1 (≤_Δ, ∼_Δ).

If Θ, Θ^′ are 1-tracks of the digraph Δ, then Θ ≤_Δ Θ^′ expresses the fact that there are in^nitely many Θ → Θ^′Űtracks in Δ, and Θ ∼_Δ Θ^′ means that Θ ≤ Θ^′ and Θ^′ ≤ Θ. 2

Clearly, if Θ ≤ Ψ, then Θ^′ ≤ Ψ^′ for all rests Θ^′ of Θ, Ψ^′ of Ψ.

The following proposition is helpful in many contexts to simplify proofs and can easily be veri^ed:

Proposition 2.2.

Let Δ be a digraph. Then the following statements are equivalent:

(1) Θ ≤ Ψ.

(2) rest(Θ − S) →_{Δ−S} rest(Ψ − S) for all S ⊑ V (Δ). 2

The proof of the next result is also trivial, but it shows that it makes no sense to introduce an end concept based upon 1-zigzag-tracks since transitivity cannot be expected. Of course, similar statements hold for (T (ω),≤) and (T (ω^∗),≤).

Proposition 2.3.

Let Δ be a digraph. Then (T (∞),≤) is a quoset. 2

Proof:

Clearly, ≤ is re~exive since every vertex itself is a track. The relation ≤ is also transitive: Let Θ and Π be 1-tracks, Ψ be an ω-track, Θ ≤ Ψ, Ψ ≤ Π, and S ⊑ V (Δ). According to Proposition 2.2, there exists a rest(Θ−S) → rest(Ψ−S)Űtrack Λ in Δ−S and a rest(Ψ−(S∪Λ)) → rest(Π − (S ∪ Λ))Űtrack Λ^′ in Δ − (S ∪ Λ). Now, rest(Θ − S) →_{Δ−S} rest(Π − S) can easily be seen, as the initial vertex of Λ^′ is behind the terminal vertex of Λ on Ψ. A similar construction is feasible if Ψ is an ω^∗-track. The only difference is that the tracks Λ and Λ^′ have to be constructed in the reverse order. 2

Now, Proposition 1.1 yields that ∼_Δ is an equivalence relation on T (∞) (and also on T (ω), T (ω^∗)). Moreover, Proposition 1.1 yields that

E ≤_Δ E^′ :⇔ there exist Θ ∈ E,Θ^′ ∈ E^′ such that Θ ≤ Θ^′

is a partial order on the ∼-factorization of T (∞) (and also of T (ω), T (ω^∗)), which will be investigated in Section 3.

De^nition 2.4 (directed ends).

Let Δ be a digraph. An equivalence class of T (∞) with respect to ∼ is called a composed end or brie~y a c-end of Δ. Ω_Δ(c) denotes the set of all c-ends of Δ. If Θ is a 1-track, then E_Δ(c,Θ) denotes the Θ-containing c-end of Δ. ω-ends, ω^∗-ends, Ω_Δ(ω), Ω_Δ(ω^∗), E_Δ(ω,Θ), and E_Δ(ω^∗,Θ) are de^ned analogously. ω- and ω^∗-ends are also called simple ends. If E is an arbitrary end of Δ, E^u denotes the set of all rays in Δ^u that exactly correspond to tracks in E. If there are statements valid for each of the end-notions introduced here, then the symbols Ω_Δ etc. may be used in a consistent way. In other words, within one statement, the symbols Ω_Δ etc. can be substituted uniformly by Ω_Δ(c), Ω_Δ(ω), and Ω_Δ(ω^∗) etc. 2

The concept of ω-ends catches the forward ω-rami^cation structure and the dual concept of ω^∗-ends, the backward ω-rami^cation structure of a digraph Δ. On the other hand, the concept of c-ends allows a general view over the whole ω-rami^cation structure of Δ. Clearly, |Ω(c)| > 0 ⇔ T (∞) ≠ /0, |Ω(ω)| > 0 ⇔ T (ω) ≠ /0, and |Ω(ω^∗)| > 0 ⇔ T (ω^∗) ≠ /0.

The following statement about the relations between composed and simple ends can easily be veri^ed and justi^es in a way the expression Şcomposed endsŤ.

Proposition 2.5.

Every simple end is completely contained in a composed end. A c-end is either an ω-end, an ω^∗-end, or the union of exactly one ω-end and exactly one ω^∗-end. Hence, |Ω(ω)| ≤ |Ω(c)|, |Ω(ω^∗)| ≤ |Ω(c)|, and |Ω(c)| ≤ |Ω(ω)| + |Ω(ω^∗)| ≤ 2 · |Ω(c)|. 2 One has to be very careful in generalizing results about ends in undirected graphs to results about ends in digraphs. HALIN [29] de^ned two rays Π and Π^′ of an undirected graph Γ to be equivalent if there is a ray Π^{′′} that meets both Π and Π^′ in^nitely many times. If, for Θ,Θ^′ ∈ T_Δ(∞), equivalence had been stated as

Θ ∼^′_Δ Θ^′ :⇔ there is Θ^{′′} ∈ T_Δ(∞) which meets both Θ and Θ^′ in^nitely many times, then ∼^′ would not necessarily have been an equivalence relation. It is not dif^cult to construct digraphs such that ∼^′ is not transitive. The next proposition (compare with [29], 1.1) shows that every counterexample contains 1-tracks of opposite directions.

Proposition 2.6.

Let Δ be a digraph and Θ,Ψ ∈ T (∞). Then the following statements are equivalent:

(1) If Θ and Ψ have the same direction, then Θ ∼^′ Ψ. Otherwise, there are in^nitely many pairwise disjoint circuits ⊆ Δ such that each of them has at least one vertex in common both with Θ and Ψ.

(2) Θ ↔_{Δ−S} Ψ for all S ⊑ Δ.

(3) Θ ∼ Ψ. 2

Proof:

(2) ⇔ (3) follows immediately from Proposition 2.2. (1) ⇒ (3) is trivial.

(3) ⇒ (1) can be shown by straightforward inductive constructions. 2

One obtains no new relation by replacing T (∞) by T (ω) or by T (ω^∗) in the de^nition of ∼^′. If Θ,Ψ ∈ T (ω) and Θ ∼^′ Ψ, then Proposition 2.6 shows that there is an ω-track Π which meets both Θ and Ψ in^nitely many times. Thus, it is impossible that there is Π ∈ T (ω^∗) but no Π^′ ∈ T (ω) which meets both Θ and Ψ in^nitely many times. A dual statement holds if Θ,Ψ ∈ T (ω^∗). Note that it would have been possible to de^ne two rays Θ, Ψ in an undirected graph Γ to be equivalent if there are in^nitely many pairwise disjoint cycles such that each of them has at least one vertex in common both with Θ and Ψ.

The next statement can be obtained by straightforward inductive constructions, too.

Proposition 2.7.

Let Δ be a digraph. Then the following statements are valid.

(1) If E is a c-end containing two 1-tracks Θ and Ψ with opposite directions, then Θ and Ψ have in^nitely many vertices in common or Δ contains a subdivision of the digraph in Fig. 2.1a). Similar statements hold for 1-tracks with the same direction in ω- and ω^∗-ends.

(2) If E, F are two different comparable ends of Δ, Θ ∈ E is an ω-track, and Ψ ∈ F is an ω^∗-track, then Δ contains a subdivision of the digraph in Fig. 2.1b). Similar statements hold for other combinations of directions of Θ and Ψ. 2

a) b)

Figure 2.1: see Proposition 2.7

The next result says something about the relations between ends in graphs and digraphs.

Proposition 2.8.

Let Δ be a digraph and E, F ends of Δ. Then the following statements are valid.

(1) All rays ∈ E^u are contained in a single end of Δ^u.

(2) If E and F are comparable, then all rays in E^u and F^u are in the same end of Δ^u.

Hence, every component of (Ω_Δ,≤) belongs to one end of Δ^u. On the other hand, an end of Δ^u can contain several components of (Ω_Δ,≤). Moreover, if (Ω_Δ(c),≤) is a chain, Δ^u has exactly one end.

(3) All rays in E^u and F^u are in the same end of Δ^u if and only if there exist Θ ∈ E and Ψ ∈ F such that there are in^nitely many pairwise disjoint Θ,Ψ-zigzag-tracks.

(4) Let Θ,Ψ ∈ T_Δ(∞). Then Θ^u and Ψ^u are in the same end of Δ^u if and only if exactly one of the following statements holds:

(1) Θ ∼ Ψ. (2) Θ < Ψ. (3) Ψ < Θ.

(4) Θ ≰ Ψ and Ψ ≰ Θ and there exist in^nitely many pairwise disjoint Θ,Ψ-zigzag-tracks. 2

Proof:

Remark 1.2 yields (3). (1), (2), and (4) follow immediately from (3). 2

Proposition 2.8 clari^es a fundamental difference between ends in graphs and ends in digraphs: Whereas two ends E,E^′ of an undirected graph Γ can always be separated by a ^nite subgraph Ξ, this is not true for digraphs. In light of this, dif^culties in obtaining interesting results about ends in digraphs with the aid of the separation of ends can be expected. Furthermore, Proposition 2.8 shows that the end-concept for digraphs investigated here is a re^nement of certain subsets of ends of undirected graphs.

The following examples (see Fig. 2.2) give a ~avour of the differences between ŞdirectedŤ and ŞundirectedŤ ends: Consider the N × N-grid Γ. It has exactly one end. Δ_2 is an end-less orientation of Γ. On the other hand, the upwards directed N × N -grid Δ_1 has two (completely independent) strictly increasing sequences of ω-ends and one ω-end Ů consisting of all ŞdiagonalŤ ω-tracks that are unbounded in both coordinates (the fat ω-track shows such a ŞdiagonalŤ ω-track) Ů as the supremum of the two strictly increasing sequences. In Fig. 2.2, the ω-ends of Δ_1 are drawn as ideal points.

In the sequel, the relations between ends and the strong components of a digraph are studied.

Lemma 2.9.

Let Δ be a digraph, E be an end (simple or composed) of Δ, and Ξ be a strong component of Δ. If there exists Θ ∈ E such that |Θ ∩ Ξ| = ∞, then Ξ contains a rest of every Ψ ∈ E. In this sense, one can say that an end E of Δ belongs to a strong component of Δ. If an end E belongs to no strong component of Δ, then every Ψ ∈ E intersects with in^nitely many strong components of Δ. 2

Δ_1 Δ_2

Figure 2.2: Some orientations of the N × N -grid

Proof:

Let Ξ be a strong component of Δ and Θ ∈ E such that |Θ ∩ Ξ| = ∞. Ξ contains a rest of Θ. If Ψ ∈ E, then v ↔_Δ Ξ follows from Proposition 2.6 for all but ^nitely many vertices v of Ψ. Hence, Ξ contains a rest of Ψ. 2

Lemma 2.9 motivates the following de^nition:

De^nition 2.10 (cyclic and acyclic ends).

A 1-track Θ (a (simple or composed) end E) of a digraph Δ is called cyclic if it belongs to a strong component in the sense of Lemma 2.9. Otherwise, the 1-track Θ (the end E) is called acyclic. T^{ac}_Δ (ω) (Ω^{ac}_Δ (ω)) denotes the set of all acyclic ω-tracks (ω-ends) of Δ, respectively. T^{ac}_Δ (ω^∗), Ω^{ac}_Δ (c) etc. are de^ned analogously. 2

The following proposition deals with the inner structure of acyclic ends.

Proposition 2.11.

An acyclic composed end of the digraph Δ contains either exclusively ω-tracks or exclusively ω^∗-tracks. Hence, there are no acyclic proper composed ends. Furthermore, if all ends of Δ are acyclic, then |Ω_Δ(c)| = |Ω_Δ(ω)| + |Ω_Δ(ω^∗)|.

Proof:

Let E be an acyclic c-end of Δ, Θ ∈ E be an ω-track, and Ψ ∈ E be an ω^∗-track. Let v be a vertex on Θ reachable from Ψ and M the set of all vertices on Θ behind v. It follows v ↔ u for all u ∈ M, since Ψ is an ω^∗-track and Θ,Ψ ∈ E. Therefore, Θ[M] belongs to a strong component of Δ, contradicting the acyclicity of E. 2

For the purpose of studying the relations between the end structure of Δ and Δ^∗ some new terminology is needed. S_Δ denotes the set of all subdigraphs of Δ. For Λ ⊆ Δ, let Λ(Δ^∗) be the subdigraph of Δ^∗ which has exactly those strong components of Δ as vertices that intersect with Λ and which contains an arc (Ξ,Ξ^′) if there is an arc from a vertex of Ξ to a vertex of Ξ^′ in Λ. Clearly,

φ^∗ : S_Δ → S_Δ∗ , φ^∗(Λ) := Λ(Δ^∗),

is a surjective mapping. Proposition 2.12.

Let Δ be a digraph. Then φ^∗|T ac_{Δ (ω)} : T^{ac}_Δ (ω) → T_Δ∗ (ω) is a surjective mapping. A dual statement holds for ω^∗-tracks. 2 Proof:

If Θ is an acyclic ω-track of Δ then Θ(Δ^∗) ∈ T_Δ∗ (ω), since, for every strong component Ξ of Δ which intersects Θ, Ξ∪Θ is a ^nite subtrack of Θ. Now, let Θ be an ω-track of Δ^∗. Starting from the initial vertex, let the vertices of Θ (strong components of Δ !) be denoted by Ξ_1, Ξ_2, Ξ_3,... . For i ∈ N, there exists an arc (a_i,b_i) such that a_i ∈ Ξ_i and b_i ∈ Ξ_{i+1}. Furthermore, in Ξ_{i+1}, there exists a b_i → a_{i+1}-track Θ_i. Since Ξ_i ∩ Ξ_j = /0 for i ≠ j, the union of the Θ_i and (a_i,b_i) (i ∈ N) is an ω-track Θ^′ ⊆ Δ. Obviously, Θ^′(Δ^∗) = Θ. 2

Lemma 2.13.

Let Δ be a digraph and Θ, Ψ be 1-tracks of Δ. Θ and Ψ are contained in the same acyclic end of Δ if and only if Θ(Δ^∗) and Ψ(Δ^∗) are contained in the same end of Δ^∗. 2 Proof:

⇒: Let E be an acyclic ω-end of Δ and Θ, Ψ ∈ E. For every in^nite system T of pairwise disjoint tracks joining Θ and Ψ and every strong component S of Δ, S intersects only with ^nitely many tracks ∈ T (Assume (Π_i)_{i∈}N to be a family of pairwise disjoint Θ → ΨŰtracks such that, for all i ∈ N, Π_i intersects with the strong component Ξ, and let v a terminal vertex of one of the Π_i on Ψ. Then, of course, all vertices v^′ on Ψ behind v are reachable from Ξ. On the other hand, Θ, and hence Ξ, would be reachable from all vertices of Ψ. Hence, a rest of Ψ would belong to Ξ, a contradiction.) Therefore, if we remove ^nitely many strong components from Δ, then Θ and Ψ remain mutually reachable from each other. Hence, for all ϒ^′ ⊑ Δ^∗, Θ(Δ^∗) ↔_Δ∗_{−ϒ}′ Ψ(Δ^∗). Because of Proposition 2.6, Θ(Δ^∗) and Ψ(Δ^∗) belong to the same ω-end of Δ^∗. A dual argumentation holds for ω^∗-tracks. Because of Proposition 2.11 there is nothing left to show.

⇐: If Θ(Δ^∗) and Ψ(Δ^∗) are contained in the same ω-end of Δ^∗, then Θ and Ψ are acyclic. Furthermore, for any Ξ ⊑ Δ, Ξ(Δ^∗) is ^nite. Proposition 2.6 yields Θ(Δ^∗) ↔_Δ∗_{−Ξ(Δ}∗_) Ψ(Δ^∗). Now, Θ ↔_{Δ−Ξ} Ψ can be shown with the method in the proof of Proposition 2.12. 2

Theorem 2.14.

Let Δ be a digraph. φ : Ω^{ac}_Δ → Ω_Δ∗ , φ(E) := E^∗, where E^∗ denotes the end of Δ^∗ which contains Θ(Δ^∗) for some Θ ∈ E, is a bijective mapping. In other words: There exists a natural bijection between the acyclic ends of Δ and the ends of Δ^∗. 2 Proof:

That φ is well-de^ned follows from Lemma 2.13 ’⇒’. The injectivity of φ follows from Lemma 2.13 ’⇐’. The surjectivity of φ can be derived from Proposition 2.12. 2 Corollary 2.15.

|Ω_Δ∗ | ≤ |Ω_Δ| with equality in the ^nite case if and only if no strong component of Δ has an end. 2

2.2 Thickness of Ends 19

2.2 Thickness of Ends

There are several ways to de^ne a measure for the thickness of ends. HALIN [33] showed that every end of an undirected graph Γ contains a system of pairwise disjoint rays of maximum cardinality and de^ned the thickness m_1(E) of an end E of a graph Γ to be this maximum cardinality. It seems to be impossible to carry over the proof of HALIN’s result to a directed version with only some minor modi^cations (if the directed version of this result is true at all). The problem is that the locally ^nite graph H constructed in HALIN’s proof would not necessarily be one-ended in the directed case. A (positive or negative) result concerning this question would be interesting:

Problem 2.

Does every ω-end of a digraph Δ contain a system of pairwise disjoint ω-tracks of maximum cardinality? 2

An end E of a (di)graph Γ is called thick if m_1(E) ≥ ℵ_0. Otherwise, E is called thin. Another measure for the thickness of ends based on the distance metric of the graph (ŞfatŤ and ŞslimŤ ends) has been introduced by PICARDELLO and WOESS [60] but shall not be discussed here. Several results concerning both measures can be found in a paper of THOMASSEN and WOESS [80].

Although it seems to be a dif^cult problem to show whether every end of a digraph contains a system of pairwise disjoint 1-tracks of maximum cardinality or not, it is possible to generalize another related result of HALIN to digraphs. In [32] HALIN proved that, in an undirected graph Γ, the maximum number of pairwise disjoint rays always exists. A similar statement is true for digraphs as has been shown in the subsequent theorem. The proof of Theorem 2.17 is very similar to the proof in the undirected case. Hence it will be possible to refer very often to the proof of HALIN in [32], which uses a variant of MENGERs Theorem for in^nite paths in locally ^nite graphs (Satz 3 in [28]). Before proving the main result of this section, Satz 3 of [28] is restated here in a digraph-adapted form for ω-tracks:

Lemma 2.16.

Let Δ be an outer locally ^nite digraph, v ∈ V (Δ), and n ∈ N. Then the following statements are equivalent:

(1) There exist n ω-tracks with the initial vertex v in Δ that, apart from v, are pairwise disjoint.

(2) If one removes arbitrarily n − 1 vertices ≠ v from Δ, then in the remaining digraph there still exists an ω-track with the initial vertex v.

(3) If one removes arbitrarily n−1 vertices ≠ v from Δ, then v has an in^nite transmitting area. 2

Proof: Can just be proved as in [28]. One has only to replace some graph concepts by the corresponding digraph concepts and to apply an analogue of MENGERs Theorem for digraphs which can be found in [86], p.69. 2

Theorem 2.17.

Every digraph Δ contains a system of pairwise disjoint ω-tracks of maximum cardinality. 2

Proof:

For a digraph Δ, let T_Δ(ω;ţ) denote the set of all systems of cardinality ţ of pairwise disjoint ω-tracks in Δ. If T_Δ(ω;ℵ_1) ≠ /0 or there is n ∈ N_0 such that T_Δ(ω;n) ≠ /0 ∧ T_Δ(ω;n + 1) = /0 it is possible to argue similar as in the proof of [32], Satz 1. Hence it remains the case that, for all n ∈ N, T_Δ(ω;n) ≠ /0. It has to be shown that T_Δ(ω;ℵ_0) ≠ /0.

1. Δ can be assumed to be locally ^nite.

Can be shown as in [32].

2. It can be assumed that Δ is connected and, for every S ⊑ V (Δ), Δ−S has only one component containing ω-tracks. Further, it can be assumed that every vertex of Δ lies on an ω-track.

Suppose Δ to have in^nitely many ω-ends E_i (i ∈ N). Choose some Θ_1 ∈ E_1. If Θ_1 ∈ E_1, ..., Θ_n ∈ E_n have already been chosen such that Θ_1,...,Θ_n are pairwise disjoint, then it is possible to ^nd some Θ_{n+1} ∈ E_{n+1} which has no vertex in common with ⋃ i∈[n] Θi, since any

Θ ∈ E_{n+1} has only ^nitely many vertices in common with ⋃ i∈[n] Θi. Hence it is possible to

^nd inductively a system of in^nitely many pairwise disjoint ω-tracks.

If Δ has only ^nitely many ω-ends, then there must be one ω-end E that contains n pairwise disjoint ω-tracks for every n ∈ N. For every i ∈ N, let {Ψ_{i;1},..., Ψ_{i;i}} be a system of pairwise disjoint ω-tracks ∈ E. For every i, j,k,l ∈ N such that j ≤ i, k ≤ l, and (i, j) ≠ (k,l) let (Π_{m;i; j;k;l} )_{m∈}N be a system of pairwise disjoint Ψ_{i; j} → Ψ_{k;l} -tracks and (Π^′_{m;i; j;k;l} )_{m∈}N be a system of pairwise disjoint Ψ_{k;l} → Ψ_{i; j}-tracks. Then

Ξ = ( ⋃ i∈N i⋃ j=1 Ψ_{i; j} ) ∪ ⋃ i∈N i⋃ j=1 ⋃ k∈N k⋃ l=1;(i; j)≠(l;k) ⋃ m∈N^{(Πm;i; j;k;l ∪ Π} ′ m;i; j;k;l )

is a connected subdigraph of Δ such that, for S ⊑ V (Ξ), Ξ − S has only one component containing ω-tracks, and every vertex of Ξ lies on an ω-track. Further, for all n ∈ N, T_Ξ(ω;n) ≠ /0. This shows 2. But there is a difference to the undirected case: Other components of Δ−S can also be in^nite, as Δ may have ω^∗-ends or contain in^nite zigzag-tracks!

3. Let σ = {Θ_1,...,Θ_n} ∈ T_Δ(ω;n). Starting from the initial vertex the vertices of Θ_i are denoted by t_{i1},t_{i2},t_{i3},... (i ∈ [n]). S ⊆ V (Δ) is called an S_σ, if, for all i ∈ [n], there exists k_i ∈ N such that none of the t_{j1} and none of the t_{jk}, k ≥ k_j, is contained in S, and any zigzag-track (!) which connects in Δ one of the t_{j1} with a t_{jk}, k ≥ k_j, contains at least one vertex ∈ S. Clearly, always |S_σ| ≥ n.

4. For all σ there are in^nitely many pairwise disjoint ^nite S_σ.

Can be shown as in [32]. Note, that the fact that Δ can be assumed to be locally ^nite has to be used here.

5. Let σ be as in 3., for i ∈ [n] Θ^′_i a rest of Θ_i, and σ^′ = {Θ^′_1,...,Θ^′_n}. Any S_σ′ , |S_σ′ | = n, is also an S_σ, since if there would be a zigzag-track in Δ between one of the t_{i1} and a vertex w on one of the Θ_i behind S_σ′ there would also be a zigzag-track between one of the t^′_{i1} and w, and S would not be an S_σ′ , a contradiction.

6. For any σ = {Θ_1,...,Θ_n} there is a σ^′ = {Θ^′_1,...,Θ^′_n}, where Θ^′_i is a rest of Θ_i (i ∈ [n]), such that any S_σ′ contains at least n + 1 vertices. In addition, σ^′ can be chosen such that the initials of the Θ^′_i either coincide with the initials of the Θ_i, i ∈ [n], or constitute an S_σ, |S_σ| = n.

Can be shown as in [32]. The W_{i j} in HALINs proof have here to be chosen as zigzag-tracks ϒ_{i j} . Whenever HALIN uses the fact that G − T has exactly one in^nite component here the fact that Δ − S has exactly one component containing ω-tracks has to be used.

7. If S is an S_σ of minimum cardinality (for σ = {Θ_1,...,Θ_n}), then there exist |S| many pairwise disjoint ω-tracks in Δ which originate at the vertices of S. (Of course, these ω-tracks have no vertex in common with the set of vertices which come on Θ_i before S ∩ Θ_i.)

Can be shown as in [32]. It is only necessary to apply Lemma 2.16 instead of Satz 3 of [28], to replace Ş^nite componentŤ by Şω-trackless componentŤ, and to take into account that every vertex of Δ lies on an ω-track (see 2.). Here, statement 1. is used again.

8. Now, with the help of 6. and 7., it is possible to complete the proof very similar to the proof in [32]. 2

2.3 End Orders

This section is dedicated to the following

Problem 3.

Which types of abstract orders can arise on sets of ends of digraphs? 2

In other words, which types of abstract orders are ω- (ω^∗-, c-) representable, respectively? (An abstract poset (X,≤) is called ω-representable if there is a digraph Δ such that the ω-end poset of Δ is order isomorphic to (X,≤). The notions ω^∗- and c-representability are de^ned in the same manner.) The following result gives a necessary condition for an order to be ω-representable.

Theorem 2.18.

Let Δ be a digraph and (E_i)_{i∈}N be a strictly increasing sequence in (Ω(ω),≤). Then there exists a thick ω-end F which is the supremum of the sequence (E_i)_{i∈}N in (Ω(ω),≤). Moreover, Δ contains a subdivision of the digraph in Fig. 2.3 as subdigraph (compare with HALIN’s wall graph in Fig. 4 and Satz 4 of [32]). 2

Remark 2.19.

A dual result can be formulated for ω^∗-tracks by simply substituting ŞωŤ by Şω^∗Ť, Şstrictly increasingŤ by Şstrictly decreasingŤ, and ŞsupremumŤ by Şin^mumŤ, and inverting the orientation of each arc in Fig. 2.3. 2

Figure 2.3: see Theorem 2.18

Proof:

Let (E_i)_{i∈}N be a strictly increasing sequence in (Ω(ω),≤). Choose Θ_1 ∈ E_1 arbitrarily. If, for every i ∈ [n], Θ_i ∈ E_i is already chosen such that the Θ_i (i ∈ [n]) are pairwise disjoint, then choose Θ^′_{n+1} ∈ E_{n+1} arbitrarily. Θ^′_{n+1} has only ^nitely many vertices in common with ⋃ i∈[n] Θi. Hence Θ ′ n+1 contains a rest Θ_{n+1} which has no vertex in common with ⋃ i∈[n] Θi.

By induction, an in^nite system of pairwise disjoint ω-tracks (Θ_i)_{i∈}N with Θ_i ∈ E_i is obtained. Let the vertices of Θ_i Ů beginning with the initial vertex Ů be denoted by u_{i;1}, u_{i;2}, u_{i;3},... (i ∈ N). For every i ∈ N and n ∈ N, let Θ_i(n) denote the subtrack of Θ_i with the vertices u_{i;1}, u_{i;2},..., u_{i;n}. The following two statements will be needed in the sequel:

(a) For i, j ∈ N, i < j, there exist in^nitely many pairwise disjoint Θ_i → Θ_jŰtracks.

(b) For all i ∈ N and all M ⊑ N with i,i + 1 /∈ M, there exist in^nitely many pairwise disjoint Θ_i → Θ_{i+1}Űtracks each not meeting Θ_k for all k ∈ M.

(Otherwise, there exist in^nitely many pairwise disjoint Θ_i → Θ_{i+1}Űtracks such that each of them intersects with at least one of the Θ_k, k ∈ M. Since M is ^nite, there exists k^′ ∈ M such that in^nitely many pairwise disjoint Θ_i → Θ_{i+1}Űtracks intersect with Θ_k′ . If k^′ < i, then Θ_k′ ≥ Θ_i, and hence E_k′ ≥ E_i, a contradiction. If k^′ > i + 1, then Θ_{i+1} ≥ Θ_k′ , and hence E_{i+1} ≥ E_k′ , a contradiction as well.)

An overview of the remaining proof can be given as follows: By induction, in^nitely many pairwise disjoint ω-tracks Ψ_i (i ∈ N) are constructed which belong to an ω-end F , which turns out to be the supremum of (E_i)_{i∈}N and whose union with the (Θ_i)_{i∈}N contains a subdivision of the digraph in Fig. 2.3.

Clearly, there exists a Θ_1 → Θ_2Űtrack Ψ_{1;1}. For the purpose of cutting away everything that lies on a Θ_i ŞunderŤ Ψ_{1;1}, let

Ξ_1 := Ψ_{1;1} ∪ ⋃ {Θ_i(n) | ∃i,n ∈ N : u_{i;n} ∈ Ψ_{1;1} ∩ Θ_i}.

Ξ_1 is ^nite.

Because of (a), there exists a Θ_1 → Θ_2Űtrack Π^1_{;2} in Δ − Ξ_1. Because of (b), there exists a Θ_2 → Θ_3Űtrack Ψ_{1;2} and a Θ_1 → Θ_2Űtrack Ψ_{2;1} such that Ψ_{1;2} does not meet Θ_1, the initial vertex of Ψ_{1;2} comes behind the terminal vertex of Π^1_{;2} on Θ_2, Ψ_{2;1} does not meet Θ_3 and Ψ_{1;2}, and the terminal vertex of Ψ_{2;1} comes behind the initial vertex of Ψ_{1;2} on Θ_2. For the purpose of cutting away everything that lies on a Θ_i ŞunderŤ Ψ_{1;2}, Ψ_{2;1}, and Π^1_{;2}, let

ϒ_2 := Ψ_{1;2} ∪ Ψ_{2;1} ∪ Π^1_{;2} and Ξ_2 := Ξ_1 ∪ ϒ_2 ∪ ⋃ {Θ_i(n) | ∃i,n ∈ N : u_{i;n} ∈ ϒ_2 ∩ Θ_i}.

Ξ_2 is ^nite.

Now, let Ψ_{1;n}, Ψ_{2;n−1},..., Ψ_{n;1} and Π^k_{i;n−k+1} (k ∈ [n − 1],i < n − k + 1) and Ξ_n already be constructed. Because of (a), there exist Θ_i → Θ_{n−k+2}Űtracks Π^k_{i;n−k+2} (k ∈ [n],i < n − k + 2) in Δ − Ξ_n. Because of (b), there exists a Θ_{n+1} → Θ_{n+2}Űtrack Ψ_{1;n+1}, a Θ_n → Θ_{n+1}Űtrack Ψ_{2;n},..., and a Θ_1 → Θ_2-track Ψ_{n+1;1} such that Ψ_{1;n+1} does not meet Θ_1, Θ_2,..., Θ_n, the initial vertex of Ψ_{1;n+1} comes behind the terminal vertices of the Π^1_{i;n+1} on Θ_{n+1} (i ∈ [n]), Ψ_{2;n} does not meet Θ_1,..., Θ_{n−1}, Θ_{n+2}, and Ψ_{1;n+1}, the initial vertex of Ψ_{2;n} comes behind the terminal vertices of the Π^2_{i;n} on Θ_n (i ∈ [n − 1]), the terminal vertex of Ψ_{2;n} comes behind the initial vertex of Ψ_{1;n+1} on Θ_{n+1},..., Ψ_{n+1;1} does not meet Θ_3, Θ_4,..., Θ_{n+2}, Ψ_{1;n+1},..., Ψ_{n−1;3}, and Ψ_{n;2}, and the terminal vertex of Ψ_{n+1;1} comes behind the initial vertex of Ψ_{n;2} on Θ_2. Let

ϒ_{n+1} := ⋃ i∈[n+1]

Ψ_{i;n+2−i} ∪ ⋃ k∈[n];i∈[n−k+1]

Π^k_{i;n−k+2} and Ξ_{n+1} := Ξ_n ∪ ϒ_{n+1} ∪ ⋃ {Θ_i(n) | ∃i,n ∈ N : u_{i;n} ∈ ϒ_{n+1} ∩ Θ_i}.

Ξ_{n+1} is ^nite.

After completing the induction, for i, j ∈ N, let Ψ^′_{i; j} be the union of Ψ_{i; j} with the segment of Θ_{j+1} between the terminal vertex of Ψ_{i; j} and the initial vertex of Ψ_{i; j+1} and set

Ψ_i := ⋃ j∈N^Ψ ′ i; j (i ∈ N).

By construction, the Ψ_i (i ∈ N) are pairwise disjoint, and, clearly, the union of the Ψ_i with the Θ_i (i ∈ N) contains a subdivision of the digraph in Fig. 2.3.

Ψ_1 belongs to an ω-end F and is constructed such that, for each i ∈ N, there are in^nitely many Θ_i → Ψ_1-tracks Π^1_{i; j} ( j ∈ N \ {1}). Hence, for all i ∈ N, Θ_i ≤ Ψ_1, and, therefore, for all i ∈ N, E_i ≤ F . F = E_i for an i ∈ N is impossible because F = E_i < E_{i+1} ≤ F yields a contradiction. Hence, F > E_i for all i ∈ N.

Now, let E ∈ Ω(ω) with E > E_i for all i ∈ N. To show that F is the supremum of the sequence (E_i)_{i∈}N, it remains to show that E ≥ F . E contains an ω-track Ψ. Since E > E_1 and Ψ_1 ∩ Θ_1 is ^nite, it is possible to ^nd a Θ_1 → ΨŰtrack Λ^′_1 such that the initial vertex of Λ^′_1 comes behind Ψ_1 ∩ Θ_1 on Θ_1. Obviously, the union of Λ^′_1 with the segment of Θ_1 between the last vertex of Ψ_1 ∩ Θ_1 and the initial vertex of Λ^′_1 contains a Ψ_1 → ΨŰtrack Λ_1. Let i_1 := 1.

For n ∈ N, let the pairwise disjoint Ψ_1 → ΨŰtracks Λ_1,...,Λ_n already be constructed. Since the Λ_i (i ∈ [n]) intersect only with ^nitely many of the Θ_i (i ∈ N) in Δ, there exists i_{n+1} ∈ N such that Θ_{in}+_1 does not intersect with one of the Λ_i (i ∈ [n]). Because Ψ_1 intersects with all Θ_i (i ∈ N) and because E > E_i (i ∈ N), it is possible to ^nd a Ψ_1 → ΨŰtrack Λ_{n+1} in Δ − ( ⋃ i∈[n] Λi), just as in the case n = 1.

By induction, one obtains a system of in^nitely many pairwise disjoint Ψ_1 → ΨŰtracks (Λ_i)_{i∈}N. Hence, E ≥ F .

It remains to show that F is thick. Repeating the argumentation of the last four paragraphs for each Ψ_i (i ≥ 2) yields Ψ_i ∈ F for all i ∈ N since suprema are uniquely determined. As the Ψ_i are pairwise disjoint, F is a thick ω-end, and the proof is completed. 2

The next theorem implies that the necessary condition of Theorem 2.18 is also suf^cient in the class of total orders. Naturally, a poset (X,≤) can be regarded as a re~exive, antisymmetric, and transitive digraph Δ = (X,≤) (and vice versa). There exists a natural bijective mapping between the set of all strictly increasing sequences of (X,≤) and T_Δ(ω). Now, if (X,≤) is a chain ful^lling the condition that all strictly increasing sequences have a supremum, then

(*) two ω-tracks Θ,Ψ belong to the same ω-end if and only if the corresponding strictly increasing sequences (u_i)_{i∈}N and (v_i)_{i∈}N have the same supremum u = v. (If (u_i)_{i∈}N and (v_i)_{i∈}N did not have the same supremum, then u < v or v < u since (X,≤) is a chain. Without loss of generality, assume u < v. Then there would exist

n ∈ N such that v_j > u_i for all i ∈ N and j ≥ n. Thus, no u_i (i ∈ N) would be reachable

by a v_j, j ≥ n. Hence, E_Δ(ω,Θ) < E_Δ(ω,Ψ), a contradiction. The other direction is trivial.)

Figure 2.4: The runway poset.

(*) is not necessarily true for general posets. For example, Fig. 2.4 shows a poset consisting of two completely independent, strictly increasing sequences with a common supremum. From statement (*), it remains only: Θ,Ψ belong to the same ω-end only if the corresponding strictly increasing sequences have the same supremum.

The validity of (*) is very convenient for constructing digraphs whose ω-end order represents (X,≤). Just let each x ∈ X that occurs as the supremum of a strictly increasing sequence be represented by that ω-end which contains the ω-tracks whose corresponding strictly increasing sequences have x as their supremum. If (*) is not ful^lled, it seems to be very dif^cult to ^nd a digraph whose ω-end structure represents (X,≤) Ů and, therefore, (*) is postulated in Theorem 2.20. For further investigations, the following remarks may be useful:

Let M be the set of all x ∈ X that are not the supremum of any strictly increasing sequence in X. For x ∈ X \ M, let σ_x denote the (nonempty) set of all strictly increasing sequences of X that have the supremum x. Obviously, σ_x decomposes into a family of equivalence classes (S^x_i )_{i∈Ix} such that the corresponding classes of ω-tracks are subsets of ω-ends (E_i)_{i∈Ix} of (X,≤), which is partially ordered corresponding to the ω-end-subordering of the (E_i)_{i∈Ix} . One may be tempted to add arcs to weld the ω-ends (E_i)_{i∈Ix} together, but then at least two problems can occur:

1. Adding new arcs may generate new ω-ends that have nothing to do with (X,≤). 2. Too many ω-ends may possibly be welded together if new arcs are added globally for all suprema.

The third condition of Theorem 2.20 is required to preserve the order structure of (X,≤) at suprema for the ω-end-structure of the digraph constructed in the proof of Theorem 2.20.

Theorem 2.20.

Let (X,≤) be a poset. It is ω-representable if the following conditions are ful^lled:

(1) Every strictly increasing sequence in (X,≤) has a supremum in X. (2) Whenever two strictly increasing sequences have the same supremum, the corresponding ω-tracks of (X,≤) belong to the same ω-end of (X,≤).

(3) If x ∈ X is the supremum of a strictly increasing sequence in (X,≤), then, for all y ∈ X, y < x, there exists a strictly increasing sequence (z^{y;x}_i )_{i∈}N with supremum z = x and y < z^{y;x}_i < x for all i ∈ N. 2

Proof:

Let M be de^ned as above. A digraph Δ can be constructed from (X,≤) as follows: For each x ∈ M, let Ψ_x denote an ω-track with the vertex set {x,x_i | i ∈ N} such that, for all x,y ∈ M, Ψ_x and Ψ_y are disjoint whenever x ≠ y, and, for all x ∈ M, Ψ_x ∩ (X,≤) = x. Now, let

A^′ := {(z,x_i), (x_i,z^′), (x_i,y_j) | x,y ∈ M,z,z^′ ∈ X,z < x < z^′,x < y,i, j ∈ N} and Δ := (X,≤) ∪ ⋃ x∈M Ψ_x ∪ A^′.

Clearly, x ≤ y ⇔ x →_Δ y for all x,y ∈ X.

(A) Each Θ ∈ T_Δ(ω) has either a rest in common with exactly one of the Ψ_x or only ^nitely many vertices in common with each of the Ψ_x (x ∈ M). (If a track leaves Ψ_x it can never return to Ψ_x.) In the latter case, Θ corresponds in a natural way to a strictly increasing sequence of (X,≤).

(B) Θ,Θ^′ ∈ T_Δ(ω) belong to the same ω-end of Δ if and only if either rests of Θ and Θ^′ belong to the same Ψ_x or both Θ and Θ^′ correspond to strictly increasing sequences (u_i)_{i∈}N, (v_i)_{i∈}N in (X,≤) that have the same supremum u = v ∈ X.

⇐: Trivial if rests of Θ and Θ^′ belong to the same Ψ_x. If Θ and Θ^′ correspond to strictly increasing sequences in (X,≤) with the same supremum, then ’⇐’ follows from (2) and the fact that all Ψ_x → Ψ_y-arcs exist whenever x < y.

⇒: Because of (A) and (1), only three cases have to be considered:

(I) A rest of Θ belongs to Ψ_x and a rest of Θ^′ belongs to Ψ_y.

(II) A rest of Θ belongs to Ψ_x and Θ^′ corresponds to a strictly increasing sequence (v_i)_{i∈}N with supremum v in (X,≤).

(III) Both Θ and Θ^′ correspond to a strictly increasing sequence (with suprema u and v, respectively) in (X,≤).

ad (I): If x ≠ y, then (without loss of generality) either x < y or x and y are incomparable. In the former case, Θ < Θ^′ is valid, implying that E_Δ(ω,Θ) < E_Δ(ω,Θ^′), and, in the latter case, Θ and Θ^′ are incomparable, implying that E_Δ(ω,Θ) and E_Δ(ω,Θ^′) are incomparable. In both cases, Θ and Θ^′ do not belong to the same ω-end of Δ, a contradiction. Hence x = y.

ad (II): There are three possible cases (v = x is impossible since x ∈ M, v /∈ M):

(a) v < x: Then v_i < x for all i ∈ N, and hence Θ^′ < Θ (since there is no Θ → Θ^′Űtrack in Δ and, for every i ∈ N, there exist the arc (v_i,x_i)), implying that E_Δ(ω,Θ^′) < E_Δ(ω,Θ). Therefore, Θ and Θ^′ do not belong to the same ω-end, a contradiction.

(b) v > x: Then, because of (3), there exists a strictly increasing sequence (z^{x;v}_i )_{i∈}N with supremum z = v. Because of (2), the ω-track Π with vertices (z^{x;v}_i )_{i∈}N is end-equivalent to the ω-track Ψ^′ with vertices (v_i)_{i∈}N (and clearly, Ψ^′ ∼ Θ^′). Hence, Π ∼ Θ^′. Because (x_i,z_i) ∈ A(Δ) for all

i ∈ N and there exists no Π → ΘŰtrack in Δ, Θ < Π ∼ Θ^′, and hence E_Δ(ω,Θ) < E_Δ(ω,Θ^′), a contradiction.

(c) v and x are incomparable: v_i < x for all i ∈ N is not possible because, otherwise, v ≤ x since v is the supremum of (v_i)_{i∈}N. If there exists j ∈ N such that v_j ≥ x, then v > v_j ≥ x, which is impossible, too. Hence, there exists n ∈ N such that v_i and x are incomparable for all i ≥ n. It follows that there are no Θ → Θ^′Űtracks and only ^nitely many pairwise disjoint Θ^′ → ΘŰtracks in Δ. Hence Θ and Θ^′, and therefore E_Δ(ω,Θ) and E_Δ(ω,Θ^′), are incomparable, a contradiction.

Altogether, case (II) is impossible.

ad (III): Again, there are three possible cases:

(a) u = v: ^nished.

(b) Without loss of generality, u < v (v < u is a symmetric situation): It is possible to argue as in (II)(b) by substituting Şx_iŤ with Şu_iŤ and ŞxŤ with ŞuŤ. In particular, E_Δ(ω,Θ) < E_Δ(ω,Θ^′), a contradiction.

(c) u and v are incomparable: u_i < v for all i ∈ N is not possible because, otherwise, u ≤ v since u is the supremum of (u_i)_{i∈}N. Symmetrically, v_i < u for all i ∈ N is impossible. If there exists j ∈ N such that u_j > v, then u > u_j > v, which is impossible, too. Symmetrically, v_j > u for a j ∈ N is impossible. It follows, that there exist m,n ∈ N such that u_i and v_j are incomparable for all i ≥ m, j ≥ n. So if Λ denotes the ω-track with the vertices (u_i)_{i∈}N and Λ^′ the ω-track with the vertices (v_i)_{i∈}N, then Λ and Λ^′ are incomparable in (T_Δ(ω),≤). Since Θ ∼ Λ and Θ^′ ∼ Λ^′, Θ and Θ^′, and therefore E_Δ(ω,Θ) and E_Δ(ω,Θ^′), are incomparable, a contradiction. This completes the proof of (B).

Now, consider the mapping f : X → Ω_Δ(ω), x → E_x, where, for x ∈ M (x /∈ M), E_x denotes the ω-end of Δ corresponding to Ψ_x (the ω-end whose elements correspond to strictly increasing sequences in (X,≤) with the supremum x), respectively.

f is well de^ned: Because of (B), each Ψ_x (x ∈ M) represents exactly one ω-end of Δ. If x /∈ M, then x is the supremum of a strictly increasing sequence S in (X,≤). There is at least one ω-track of Δ that corresponds to S. This, in combination with (B), guarantees the existence of exactly one ω-end ful^lling the de^nition of E_x in the case x /∈ M.

Because of (A) and (1), f is surjective. That f is injective and is an order isomorphism follows from the proof of (B). 2

Conditions (2) and (3) of Theorem 2.20 are not necessary: There are posets not ful^lling (2) or (3) which are nevertheless ω-representable. For example, the runway-poset (Fig. 2.4) is ω-represented by the digraph Δ_1 in Fig. 2.2, but, obviously, it violates (2). Now, let (X,≤) be a poset where X = {x,y,x_i | i ∈ N}, (x_i)_{i∈}N be a strictly increasing sequence with the supremum x, and y be an element less than x but independent from each x_i, i ∈ N. Now, let Δ be constructed as in Theorem 2.20 and include the following additional arcs: (y_i,x_i) for all

i ∈ N. It is easy to see that (X,≤) is ω-represented by Δ in spite of the fact that (X,≤) does

not ful^ll condition (3).

Condition (1) of Theorem 2.20 characterizes those total orders that are ω-representable, since conditions (2) and (3) are always ful^lled in chains. It is possible to obtain a dual result for ω^∗-tracks (see Remark 2.19).

Corollary 2.21.

Let (X,≤) be a chain. Then (X,≤) is ω-representable if and only if every strictly increasing sequence of (X,≤) has a supremum. 2

The conditions (1), (2), and (3) are always ful^lled in posets that contain no strictly increasing sequence, which are exactly the posets in which every chain is a dwoset. Therefore:

Corollary 2.22.

Every poset that contains only dually well-ordered chains is ω-representable. 2

Up to this point, only ω- and ω^∗-representability have been studied. It remains to investigate c-representability. Whether an abstract order is c-representable or not seems to be a completely different problem:

• There are orders that are c- but neither ω- nor ω^∗-representable, e.g. Z with the natural order (see Example 2.28).

• An ω-representable order (X,≤) may not be c-representable because each digraph whose ω-end order represents (X,≤) may also contain ω^∗-tracks that are contained in a c-end which contains no ω-tracks.

Up to now, I was not able to ^nd an example to illustrate the second of the above points. Therefore, the following problem may be interesting.

Problem 4.

Are there abstract orders that are ω- but not c-representable? 2

As composed ends contain both ω- and ω^∗-tracks, it is a little bit more dif^cult to ^nd a necessary condition in terms of in^ma/suprema for an abstract order to be c-representable. One has to draw on a more special and sophisticated looking class of orders. First of all, the following lemma is needed:

Lemma 2.23.

Let C be an (inclusion-)maximal chain in (Ω_Δ(c),≤) and Ω^ω_Δ (c) be the set of all c-ends of Δ that contain exclusively ω-tracks. If C contains a countable, upper unbounded subset, then Ω^ω_Δ (c) ∩C is upper bounded in C. A dual statement holds for ω^∗-tracks. 2

Proof:

Let A = {a_i | i ∈ N} be an upper unbounded, countable subset of C and C^′ := Ω^ω_Δ (c) ∩C. If C^′ is upper unbounded in C, then, for every i ∈ N, there exists a c_i ∈ C^′ such that c_i > a_i, i.e. {c_i | i ∈ N} is upper unbounded. Clearly, {c_i | i ∈ N} contains an upper unbounded strictly increasing sequence, and Theorem 2.18 yields a contradiction to the maximality of C. 2

The countability of the unbounded subset of C is necessary because there exist orders in which every countable subset is bounded, e.g. any order of order type ω_1 (see [1], pp.65Ű67, Theorems 17, 17’, 17Ť).

The following theorem gives a suf^cient condition for an order not to be c-representable. (A,B) is called a cut of (X,≤) if A ∩ B = /0,A ∪ B = X, and a < b holds for all a ∈ A,b ∈ B. In addition, if A and B are nonempty, then (A,B) is called a proper cut of (X,≤).

Theorem 2.24.

Let (X,≤) be a poset and C be an (inclusion-)maximal chain in (X,≤) containing an upper unbounded, countable subset. Furthermore, let M = M(C) be the nonempty set of all proper cuts (A,B) of C such that A has no greatest element and B contains a lower unbounded countable subset, and let ⋂ (A;B)∈M B = /0. Then (X,≤) is not c-representable. A dual state-

ment holds if C contains a lower unbounded, countable subset by changing the roles of A and B.

Proof:

Assume C to be a maximal chain in (X,≤) such that C contains an upper unbounded, countable subset and ⋂ (A;B)∈M B = /0. Let Δ be a digraph and f : X → ΩΔ(c) be an (order) iso-

morphism. Then f [C] is a maximal chain in (Ω_Δ(c),≤) and contains an upper unbounded, countable subset. From Lemma 2.23 it follows that Ω^ω_Δ (c) ∩ f [C] is upper bounded. Let f (x) be an upper bound of Ω^ω_Δ (c) ∩ f [C] in f [C]. Since ⋂ (A;B)∈M B = /0 and M is nonempty, there

exists a cut (A^′,B^′) ∈ M such that x ∉ B^′, i.e. f (x) ∉ f [B^′]. It follows that f (x) < E for all E ∈ f [B^′]. B^′ contains a lower unbounded strictly decreasing sequence (x_i)_{i∈}N. According to Theorem 2.18, there exists F ∈ f [C] such that F is the in^mum of the sequence ( f (x_i))_{i∈}N. Clearly, F ∈ A^′ since ( f (x_i))_{i∈}N is lower unbounded in f [B^′], which is a contradiction because A^′ does not contain a greatest element. 2

Example 2.25.

Q with the natural order is not c-representable since Q is a countable, in^nite chain, and

the set of all gaps, which are characterizable with the help of cuts, is both upper and lower unbounded. Clearly, Q with the natural order is neither ω- nor ω^∗-representable, and hence there are orders that are not at all end-representable by digraphs. 2

The next two theorems will show that there are orders that are c- but not ω- (resp. ω^∗-) representable.

Theorem 2.26.

Every poset in which every chain is well ordered (resp. dually well ordered) is c-represent-able.

Proof:

Let (X,≤) be a poset such that every chain in (X,≤) is dually well ordered. Then (X,≤) contains no strictly increasing sequence. Construct a digraph Δ as follows: First of all, for each x ∈ X, let Δ contain an ω-track Ψ_x such that the Ψ_x (x ∈ X) are pairwise disjoint and the vertices of Ψ_x Ů beginning with the initial vertex Ů are denoted by w_{x;1}, w_{x;2}, w_{x;3},... Additionally, let Δ contain the arcs (w_{x;n},w_{y;n+1}) (n ∈ N,x,y ∈ X,x < y). With that, the construction of Δ is completed.

Clearly, each Ψ_x (x ∈ X) represents another c-end of Δ. Further, x ≤ y if and only if E_Δ(c,Ψ_x) ≤ E_Δ(c,Ψ_y) for all x,y ∈ X because, for x < y, there are in^nitely many Ψ_x → Ψ_yŰ arcs in Δ, but no Ψ_y → Ψ_xŰtracks. Hence, (Ω_Δ(c),≤) ≃ (X,≤) provided that Δ contains no other c-ends except the E_Δ(c,Ψ_x), x ∈ X.

Let Θ ∈ T_Δ(ω). Then either Θ has a rest in common with one of the Ψ_x or Θ corresponds to a strictly increasing sequence of (X,≤). Since (X,≤) contains no strictly increasing sequence, Θ must belong to one of the E_Δ(c,Ψ_x). Now, let Ψ ∈ T_Δ(ω^∗). Ψ contains a vertex w_{x;n}. By the construction of Δ, there are vertices w_{y;n−1},..., w_{z;1} on Ψ, but no arc terminates at w_{z;1}, a contradiction. Hence, Δ does not contain ω^∗-tracks, and the theorem is proved. 2

Let (X,≤) and (Y_x,≤_x) (x ∈ X) be posets. Then ∑_{x∈X} Y_x, the (X,≤)-sum of the ((Y_x,≤))_{x∈X} , denotes the poset

({(x,y) | x ∈ X,y ∈ Y_x},{((x,y), (x^′ ,y^′)) | either x = x^′ and y ≤_x y^′ or x < x^′}).

Theorem 2.27.

Let (X,≤) be a poset containing only ^nite chains and (Y_x)_{x∈X} be a family of c-representable posets. Then ∑_{x∈X} Y_x is c-representable.

Proof:

Let (D_x)_{x∈X} be a family of pairwise disjoint digraphs such that Δ_x c-represents Y_x (x ∈ X). If one welds together the (D_x)_{x∈X} in the same manner as the (Y_x)_{x∈X} , then it is easy to see that the resulting digraph Δ c-represents ∑_{x∈X} Y_x: Since (X,≤) contains only ^nite chains, each 1-track in Δ has a rest in common with a 1-track of one of the Δ_x (x ∈ X). 2

A version of Theorem 2.27 for ω-representable posets is also valid. In this version (X,≤) can be allowed to be a poset containing only dually well ordered (resp. well ordered) chains.

Example 2.28.

Z with the natural order is c-representable (by combination of Theorem 2.26 and Theorem

2.27). 2

This section does not provide a full characterization of those orders that are end-repre-sentable by arbitrary digraphs. Maybe this is possible in smaller classes of digraphs. For example, the following problems may be interesting:

Problem 5.

Which abstract orders are end-representable by locally ^nite digraphs? 2

Problem 6.

Which abstract orders are end-representable by vertex-transitive digraphs? 2

Further, it can be expected that there are orders which are neither ω-representable nor ful^lling condition (2) or (3) of Theorem 2.20, but in which every strictly increasing sequence has a supremum. A suitable counterexample would increase the expectation that a simple characterization of ω-representable orders cannot be found.

2.4 Endfaithful Sub- and Superdigraphs

Given a digraph Δ, it is interesting to ^nd simpler super- and subdigraphs of Δ that have the same end structure as Δ. In this section, characterizations of those digraphs are given which are endfaithful with Δ^s and Δ^t , respectively. Further, a result of HALIN about endfaithful spanning trees is generalized to digraphs. For the purpose of a simpler notation, 1-tracks may also be called c-tracks throughout this section.

For i ∈ {ω,ω^∗,c}, a subgraph Ξ of a digraph Δ is called i-endinjective in Δ if, for every pair Θ, Θ^′ of i-tracks of Ξ that belong to the same i-end of Δ, Θ and Θ^′ belong also to the same i-end of Ξ. Ξ is called i-endcomplete in Δ if, for every i-end E of Δ, there exists an i-track Θ of Ξ such that Θ ∈ E. Ξ is called i-endfaithful with Δ if Ξ is both i-endinjective and i-endcomplete in Δ.

Two ends E, F of a digraph Δ are said to be (strongly) separated by an F ¡ V (Δ) if, for every Θ ∈ E and every Ψ ∈ F , rest(Θ − F) and rest(Ψ − F) are separated in Δ − F.

The proof of the next theorem is very simple and can be found in [93] (Satz 20).

Theorem 2.29.

If Δ is a digraph and i ∈ {ω,ω^∗,c}, then the following statements are valid:

(1) Δ is i-endinjective in Δ^s if and only if every pair of i-ends of Δ can be separated by some ^nite subset of V (Δ).

(2) Δ is i-endcomplete in Δ^s if and only if, for every one-way in^nite zigzag-track Θ of Δ, there is an i-track Ψ such that there are in^nitely many pairwise disjoint Θ,ΨŰzigzagtracks. 2

The subsequent lemma is a generalization of the so-called ŞK ĺONIGslemmaŤ (see [51], Kap. VI, Satz 3) to digraphs and can be proved in the same way:

Lemma 2.30.

If Δ is an inner (outer) locally ^nite digraph then Δ contains an ω-track (ω^∗-track) if and only if Δ contains a vertex with in^nite transmitting (receiving) area, respectively. 2

Theorem 2.31.

If Δ is a digraph and i ∈ {ω,ω^∗,c}, then the following statements are valid:

(1) Δ is i-endinjective in Δ^t if and only if every strong component of Δ has at most one i-end.

(2) Δ is i-endcomplete in Δ^t if and only if every in^nite strong component of Δ has at least one i-end.

(3) Δ is i-endfaithful with Δ^t if and only if every in^nite strong component of Δ has exactly one i-end. 2

Proof:

(1), (2), (3) ’⇒’: If Ξ is a strong component of Δ, then Ξ^t is a complete digraph and has an i-end (exactly one) if and only if it is in^nite. Now, look at the de^nitions of endinjectiveness, endcompleteness, and endfaithfulness.

(1) ’⇐’: Let Θ and Θ^′ be 1-tracks of Δ that are contained in different i-ends of Δ. Then one can distinguish three cases.

The ^rst case is that Θ and Θ^′ are both cyclic. Then subrays of Θ and Θ^′ belong to different strong components Ξ and Ξ^′ of Δ, respectively, since strong components contain at most one i-end. Since the reachability relation induces a partial order on the set of strong components of Δ, at most one of the strong components Ξ and Ξ^′ is reachable by the other. Hence, Θ and Θ^′ belong to different i-ends of Δ^t .

The second case is that Θ is cyclic and Θ^′ is acyclic (or vice versa). Since the set of i-ends of Δ is partitioned into cyclic and acyclic ends, Θ and Θ^′ belong to different ends of Δ^t .

The third case is that Θ and Θ^′ are both acyclic. Assume that Θ and Θ^′ belong to the same end of Δ^t . Either there are in^nitely many pairwise disjoint Θ → Θ^′Űtracks or Θ^′ can be weakly separated from Θ in Δ by some S ⊑ Δ. Clearly, in the latter case, there is a vertex v ∈ S such that v is reachable by in^nitely many (and hence almost all) vertices of Θ and in^nitely many (and hence almost all) vertices of Θ^′ are reachable from v because Θ and Θ^′ belong to the same end of Δ^t . An analogous statement holds by exchanging the roles of Θ and Θ^′ (with a separating set S^′ and a vertex v^′). Note, that it is not possible that there are in^nitely many pairwise disjoint Θ^′ → ΘŰtracks as well as in^nitely many pairwise disjoint Θ → Θ^′Űtracks in Δ. Now it is easy to see that, in any case, rests of Θ and Θ^′ belong to the same strong component of Δ which contradicts the fact that Θ is acyclic.

(2) ’⇐’: Assume that every in^nite strong component of Δ contains at least one i-end. If E is a cyclic end of Δ^t then there is no problem since strong components of Δ become maximum complete subgraphs of Δ^t , and the strong components of Δ^t are exactly its maximum complete subgraphs.

If E is an acyclic end of Δ^t , then assume that there does not exist a 1-track of Δ which belongs to E in Δ^t . Let Θ ∈ E. Since Δ contains no rest of Θ, there are in^nitely many edges of Θ that are not contained in Δ.

Now, consider Θ to be an ω-track, and, by turns, starting from the initial vertex, denote the edges of Θ that are not contained in Δ as (v_i,w_i), i ∈ N. Since (v_i,w_i) is an edge of Δ^t , there exists a v_i → w_iŰtrack Π_i in Δ. Let

Ξ := ( ⋃ i∈N^{Πi} ) ∪ ( Θ − ⋃ i∈N^{(vi,wi)} ) .

Ξ is an in^nite, weakly connected subdigraph of Δ. Hence Ξ cannot contain a 1-track (i = c) (ω-track (i = ω)) Θ^′, respectively, since Θ^′ would meet in^nitely many of the Π_i and, therefore, for every S ⊑ V (Δ^t ), the relation Θ ↔_Δt_{−S} Θ^′ would be valid, a contradiction to the fact that (as assumed) Θ and Θ^′ are not equivalent (see Prop. 2.6).

Consider Ξ to be locally ^nite. The initial vertex v of Θ has an in^nite transmitting area in Ξ (in fact, v is an initial vertex of Ξ). It follows from Lemma 2.30, that Ξ contains an ω-track, and this possibility has been excluded in the previous paragraph. It follows that Ξ contains a vertex x of in^nite degree.

If Θ is an ω^∗-track, then a dual argumentation is feasible, and one obtains a similar subgraph Ξ of Δ containing a vertex x of in^nite degree.

From the construction of Ξ, it is easy to see that there exists a rest of Θ such that, for every vertex y of this rest, one has x ↔_Dt y. Hence a rest of Θ belongs to a strong component of Δ^t which contradicts the acyclicity of E. It follows the existence of a 1-track of Δ which belongs to E in Δ^t .

(3) ’⇐’ is a consequence of (1) ’⇐’ and (2) ’⇐’. 2

Corollary 2.32.

Let Δ be a digraph and i ∈ {ω,ω^∗,c}.

(1) If all strong components of Δ are ^nite (e.g. if Δ is acyclic), then Δ is i-end-faithful with Δ^t .

(2) If Δ is locally ^nite, then Δ is i-endcomplete in Δ^t . 2

Remark 2.33.

The above Theorem and its proof show that new i-ends in Δ^t occur if and only if Δ contains an in^nite strong component without an i-end, whereas neither acyclic i-ends of Δ can melt together nor it is possible that there are acyclic i-ends in Δ^t that are not in Δ. Hence there is a natural bijection between the acyclic i-ends of Δ and the acyclic i-ends of Δ^t . On the other hand, different cyclic i-ends of Δ that belong to the same strong component of Δ, melt always together in Δ^t . Further, it is impossible that cyclic and acyclic i-ends of Δ melt together in Δ^t . 2

The next theorem is a generalization of HALIN’s Satz 3 in his paper [29] that every countable connected graph has an endfaithful spanning tree. Its proof relies heavily on HALIN’s proof. Simple examples show that, as long as the proof remains unchanged, the assumption that the ω-ends of the digraph Δ are independent can not be omitted. On the other hand, up to now, the author was not able to ^nd an example of a digraph which shows that this assumption is necessary. If it is possible at all then to get rid of this assumption one has either to adopt some special enumeration of the vertex set of Δ or to use a completely different method.

Theorem 2.34 (see [93], Satz 19).

If Δ is a countable digraph with an initial vertex such that all its ω-ends are independent then Δ contains an ω-endfaithful spanning arborescence. 2

Proof:

Let Δ be a countable digraph with an initial vertex v such that all its ω-ends are independent. Since Δ is countable, it is possible to enumerate the vertices of Δ: V (Δ) = {v_1,v_2,v_3,...}, where, without loss of generality, v_1 = v.

Inductively, an increasing sequence (Λ_i)_{i∈}N of arborescences will be constructed such that v_1 is the initial vertex of every Λ_i, i ∈ N, and the union of the arborescences yields an ω-endfaithful spanning arborescence of Δ. Since the weak components of a digraph can not necessarily be covered by the transmitting area of a single vertex and, further, the transmitting areas of different vertices can overlap, a sort of priority has to be given to the transmitting areas that occur in the subsequent induction. Let Λ_0 := {/0, /0}, Λ_1 := {v_1, /0}, Δ_1 := Δ, F_1 := /0, L_1 := /0, j_1 = 1 and Θ_1 := {v_1, /0}.

Assume that, for some n ∈ N, the subarborescences Λ_1,..., Λ_n of Δ (all having v_1 as its initial vertex) are already constructed such that Λ_1 ⊂ Λ_2 ⊂ ... ⊂ Λ_n and v_i ∈ V (Λ_i) for all i ∈ [n]. Further, assume that, for every 2 ≤ i ≤ n, j_i, Ψ_i, x_i, y_i, a_i, Θ_i, F_i, L_i, and Δ_i are determined according to the procedure in the next paragraph.

Now, let j_{n+1} the smallest number ∈ N such that v_{jn}+_1 /∈ V (Λ_n). Clearly, j_{n+1} ≥ n + 1. Since v_1 is an initial vertex of Δ and of Λ_n, the set S of all v_1 → v_{jn}+_1 Űtracks whose intersection with Λ_n is a track is nonempty. Now, choose a track Ψ_{n+1} ∈ S such that the terminal vertex x_{n+1} of Ψ_{n+1} ∩ Λ_n belongs to a Δ_i (for the de^nition of the Δ_i see below) with maximum i ∈ [n] such that the x_{n+1} → v_{jn}+_1 Űsubtrack of Ψ_{n+1} is completely contained in Δ_i. Let y_{n+1} be the outer neighbour of x_{n+1} on Ψ_{n+1} and a_{n+1} := (x_{n+1},y_{n+1}). Further, let

Θ_{n+1} := Ψ_{n+1} − Λ_n, F_{n+1} the transmitting area of y_{n+1} in Δ − A_n, L_{n+1} := {l ∈ [n] | F_{n+1} ⊈ F_l}, and Δ_{n+1} := Δ[F_{n+1}] − ⋃ m∈L_n+_1 Δm.

This means that Δ_{n+1} is the subgraph of Δ that contains exactly the vertices that are reachable from y_{n+1} in Δ − Λ_n but do not belong to the transmitting area of some y_l , l ∈ [n], in Δ − Λ_{l−1} which is not a superset of the transmitting area of y_{n+1} in Δ − Λ_n. Now, let

Λ_{n+1} := Λ_n ∪ {a_{n+1}} ∪ Θ_n (= Λ_n ∪ Ψ_{n+1}).

Λ_{n+1} is an arborescence with the initial vertex v_1 and contains v_1,..., v_n, v_{n+1}. Now, consider

Λ := ⋃ i∈N^{Λi.} Obviously, Λ is a spanning arborescence of Δ and has v_1 as its initial vertex. Λ is the union of the pairwise disjoint Θ_n = Λ_n − Λ_{n−1} (n ∈ N) and the arcs a_i, i = 2,3,.... From the fact that F_n ⊆ F_l if and only if y_n ∈ F_l it follows that

(1) y_n ∈ V (Δ_n) for all n ∈ N.

(2) If n < m ∈ N and V (Δ_n) ∩V (Δ_m) ≠ /0, then V (Δ_m) ⊂ V (Δ_n).

Assertion (2) will be shown by nested induction. Clearly, there is nothing to show if n < m ≤ 1. Assume that the assertion is valid for every choice of n < m ≤ k ∈ N. It will be shown that then assertion (2) is also valid for every choice of n < m ≤ k + 1. Without loss of generality, let m = k + 1. Clearly, assertion (2) is valid for n = 1, since V (Δ_m) ⊂ V (Δ) = V (Δ_1) (the subset relation is proper since v_1 /∈ V (Δ_m)). Now, for the second induction, let l < k and assertion (2) be valid for all n ≤ l. Then (2) is also true for n = l + 1:

From Δ_n ∩ Δ_m ≠ /0 it follows that n /∈ L_m, i.e. F_m ⊆ F_n. If, for some p ∈ L_n, Δ_m ∩ Δ_p ≠ /0 then V (Δ_m) ⊂ V (Δ_p) because of the assumption of the second induction and p ≤ l. But then it follows that V (Δ_m) ∩V (Δ_n) ⊆ V (Δ_p) ∩V (Δ_n) = /0 since p ∈ L_n, a contradiction. Hence Δ_m ∩ (⋃ q∈L_n Δp ) = /0. Together with F_m ⊆ F_n, this yields V (Δ_m) ⊂ V (Δ_n) = Δ[F_n] − ⋃ q∈L_n Δq

(the subset relation is proper since A_k contains y_n; hence y_n /∈ V (Δ_m), but y_n ∈ V (Δ_n) according to (1)). This completes both inductions.

(3) For all n ∈ N, y_n is an initial vertex of Δ_n.

Otherwise, there is a vertex a ∈ V (Δ_n) which is not reachable from y_n in Δ_n. Since there exits a y_n → aŰtrack in Δ[F_n], this is possible only if there exists a vertex b on this track that belongs to some Δ_m, m ∈ L_n, and a /∈ V (Δ_m). This leads into a recursion which ends in a contradiction since m < n and n is ^nite.

(4) For all n ∈ N, Θ_n is completely contained in Δ_n.

According to the de^nition, Θ_n is completely contained in the Δ_k with the biggest possible k < n. Because of (1), it follows that Δ_k ∩ Δ_n ≠ /0. This and (2) yield V (Δ_n) ⊂ V (Δ_k).

Consider r ∈ L_n such that V (Θ_n) ∩V (Δ_r) ≠ /0. If r > k, then v_{jn} /∈ V (Δ_r) because of (3) and the maximality of k. It follows that v_{jn} ∈ V (Δ_q) for some q ∈ L_r. Clearly, q ≤ k because of (3) and the maximality of k. Because of (2), it follows that V (Δ_r) ⊂ V (Δ_k) ⊆ V (Δ_q) which implies F_r ⊆ F_q, a contradiction to q ∈ L_r. Hence, r ≤ k. (3) and V (Θ_n) ∩V (Δ_r) ≠ /0 yield V (Δ_n) ⊂ V (Δ_k) ⊆ V (Δ_r) which implies r /∈ L_n, a contradiction. This proofs (4).

(5) For every 2 ≤ n ∈ N, there exists a unique arc in Λ (namely a_n) which joins a vertex of Δ_n with a vertex of Δ − Δ_n.

If V (Δ_n) ∩V (Θ_m) ≠ /0 (m ≠ n) then V (Δ_m) ∩V (Δ_n) ≠ /0 because of (4). Clearly, m > n, and hence Θ_m ⊂ Δ_m ⊂ Δ_n. Further, if m ≠ n and Θ_m ⊂ Δ_n then a_m ∈ A(Δ_n). (This is due to the fact that x_m belongs to a Δ_k with the biggest possible k ∈ [m − 1] such that Θ_m is completely contained in Δ_k. It follows that V (Δ_k) ∩V (Δ_n) ≠ /0. It is impossible that k < n since m > n and k has been chosen maximally. Hence, k ≥ n, which, together with (2), yields Δ_k ⊆ Δ_n. In particular, a_m ∈ A(Δ_n).) Clearly, it is impossible that there is an arc a_m having its endvertex ∈ V (Δ_n) such that Θ_m does not belong to Δ_n. Finally, there is no x_m ∈ V (Δ_n) such that y_m /∈ V (Δ_n) because, if x_m ∈ V (Δ_n) then the Δ_k with the maximally chosen k such that it contains Θ_m completely and, in addition, x_m, is a subgraph of Δ_n as a consequence of x_m ∈ Δ_n and k ≥ n.

(5) and the fact that every vertex of Δ_n is contained in some Θ_m (Λ is a spanning arborescence) yield

(6) Δ_n = Δ[ ⋃ k∈M_n Θk] where Mn = {s ∈ N | v js ∈ V (Δn)}.

Now, it will be shown that Λ is ω-endcomplete in Δ. Let Π be any ω-track of Δ. Inductively, a decreasing sequence Δ_{n1} ⊃ Δ_{n2} ⊃ Δ_{n3} ⊃ ... will be found such that (n_i)_{i∈}N is a strictly increasing sequence and, for all i ∈ N, Δ_{ni} contains a rest of Π. Set n_1 = 1. Clearly, Δ = Δ_1 contains Π completely. Let Δ_{n1} ⊃ ... ⊃ Δ_{nm} be already constructed. Δ_{nm} contains a rest Π^′ of Π and, therefore, in^nitely many vertices. Thus, Θ_{nm} does not exhaust Δ_{nm} . (2) and (6) yield that {Δ_r | Δ_r ⊂ Δ_{nm} } ≠ /0, since v( j_r) ∈ V (Δ_{nm} ) implies r ≥ n_m. In particular, there exists a Δ_{l1} ⊂ Δ_{nm} which contains a vertex w_1 of Π^′. Δ_{l1} contains a rest of Π except in the case that there exists l_2 ∈ L_{l1} such that Δ_{l2} ⊂ Δ_{nm} contains a vertex w_2 of Π^′ which is behind w_1 on Π^′. Δ_{l2} contains a rest of Π except in the case that there exists l_3 ∈ L_{l2} such that Δ_{l3} ⊂ Δ_{nm} contains a vertex w_3 of Π^′ which is behind w_2 on Π^′ etc. Since the l_i become smaller and smaller, the sequence ends at some Δ_{lt} ⊂ Δ_{nm} that contains a rest of Π. Setting n_{m+1} := l_t completes the induction.

For i ∈ N \ {1}, let ϒ_i denote the v_1 → y_iŰsubtrack of Ψ_i (for the de^nition of the Ψ_i look at the construction of Λ at the beginning of this proof). Further, let ϒ := ⋃ i∈N^ϒni^{. If}

i < j then ϒ_{ni} ⊂ ϒ_{n j} since y_{n j} ∈ V (Δ_{n j} ) ⊂ V (Δ_{ni} ) and there exists a unique v_1 → zŰtrack in Λ for each z ∈ V (Λ), and because of (5). As the union of a strictly increasing sequence of in^nitely many tracks with the same initial vertex v_1 ϒ is an ω-track with the initial vertex v_1. ϒ contains all y_{ni} , i ∈ N. Hence, Π stays reachable by ϒ after the removal of any ^nite vertex set from Δ because of (3), i.e. E_Δ(ω,ϒ) ≥ E_Δ(ω,Π). Thus, E_Δ(ω,ϒ) = E_Δ(ω,Π), since the ω-ends of Δ are pairwise independent. Because Π has been chosen arbitrarily, Λ contains at least one ω-track from each ω-end of Δ, i.e. Λ is endcomplete in Δ.

Λ is also ω-endinjective in Δ. Let Π and Π^′ be any pair of ω-tracks of Λ (without loss of generality, both with v_1 as their initial vertex) such that Π and Π^′ belong to the same end of Δ. It has to be shown that Π and Π^′ are also end-equivalent in Λ. First of all, let Δ_{n1} ⊃ Δ_{n2} ⊃ Δ_{n3} ⊃ ... be a sequence as above such that each Δ_{ni} , i ∈ N, contains a rest of Π. By induction, it will be shown that

(7) for all n ∈ N, Δ_n either contains a rest of both Π and Π^′ or neither a rest of Π nor a rest of Π^′.

The statement is trivial for n = 1. Assume (7) to be valid for every i ∈ [n]. Consider Δ_{n+1} and let m ≤ n be largest possible such that Δ_m contains a rest of Π and Π^′, respectively. Without loss of generality, assume that Δ_{n+1} contains a rest of Π. This and (2) imply that V (Δ_{n+1}) ⊂ V (Δ_m). If l ∈ L_{n+1} and Δ_l contains a rest of Π or of Π^′, then Δ_l contains a rest of both Π and Π^′ because of the assumption of the induction. But then Δ_{n+1} contains neither a rest of Π nor a rest of Π^′, a contradiction. Note, that if one of the Δ_t , t ∈ L_{n+1}, contains a vertex of Π, then there is some s ∈ L_{n+1} such that Δ_s contains a rest of Π. Further, since Π and Π^′ belong to the same end of Δ, Proposition 2.6 yields the existence of in^nitely many pairwise disjoint Π → Π^′Űtracks as well as in^nitely many pairwise disjoint Π^′ → ΠŰtracks. The removal of Λ_n destroys only ^nitely many of these tracks. All this together yields that

Δ_{n+1} contains also a rest of Π^′, and the induction step is complete.

(7) yields that every Δ_{ni} contains also a rest of Π^′. (5) yields that both Π and Π^′ contain all a_{ni} , i ∈ N \{1} and thus belong to the same ω-end of Λ which completes the proof. 2

The next statement gives a suf^cient condition for a digraph to have no comparable ω-ends, thus yielding the subsequent corollary.

Proposition 2.35.

If Δ is a strongly connected, inner locally ^nite digraph and does not contain an ω^∗-track, then all ω-ends of Δ are independent. 2

Proof:

Consider E < F to be two comparable ω-ends of Δ and Θ ∈ E, Ψ ∈ F . Let v be the initial vertex of Θ and Ů beginning with the initial vertex Ů w_1, w_2, w_3,... the vertices of Ψ. Since Δ is strongly connected, there exists a w_i → vŰtrack Π_i for every i ∈ N. As Δ is inner locally ^nite, according to Lemma 2.30, Ξ := ⋃ i∈N^Πi^{contains an ω∗-track, a contradiction.} 2

Corollary 2.36.

Every countable, inner locally ^nite, strongly connected digraph without ω^∗-tracks has an end-faithful spanning arborescence. 2

2.5 Geodesic, In�nite Tracks in Digraphs

In the sequel, some results of M. E. WATKINS [87] are generalized to digraphs. The main result of this section, Theorem 2.40, will be needed in some subsequent investigations. Let Θ be an arbitrary (^nite or in^nite) track of Δ. Θ is called geodesic if, for all u ≤_Θ v, Θ[u,v] is a shortest u → v-track in Δ.

The next result is obtained by the application of a technique of K ĺONIG to digraphs ([51], p. 81, Satz 6; see also Lemma 2.30).

Proposition 2.37.

In an outer (inner) locally ^nite digraph exactly the vertices with an in^nite transmitting (receiving) area lie on a geodesic ω- (ω^∗-) track, respectively. 2

Proposition 2.38.

In an in^nite, connected, v-transitive digraph Δ all vertices have an in^nite transmitting as well as an in^nite receiving area. 2

Proof:

Suppose v_0 ∈ V (Δ) to have a ^nite transmitting area S in Δ, |S| = n say. Then, for all v ∈ S, V_Δ(v →) = S, since V_Δ(v →) ⊆ S and |V_Δ(v →)| = |S| = n. (Δ is v-transitive!) But since Δ is connected and in^nite, there exist vertices w /∈ S, w^′ ∈ S, such that (w,w^′) is an arc of Δ. It follows |V_Δ(w →)| ≥ n + 1, contradicting the v-transitivity of Δ. 2

Simple examples show that Proposition 2.38 is not valid for almost v-transitive digraphs. An immediate consequence of the last two results is the following

2.5 Geodesic, In�nite Tracks in Digraphs 37

Corollary 2.39.

In an in^nite, connected, v-transitive digraph Δ every vertex lies both on an ω- and an ω^∗- track. In particular, Δ has at least one c-end, one ω-end, and one ω^∗-end. If, in addition, Δ is outer (inner) locally ^nite, then every vertex lies on a geodesic ω- (ω^∗-) track, respectively. 2 The above results solely serve the purpose of the preparation of the following

Theorem 2.40.

In an in^nite, connected, v-transitive digraph Δ every vertex lies on a 2-track. If, in addition, Δ is locally ^nite, every vertex lies on a geodesic 2-track. 2

Proof:

As Δ is v-transitive, Δ is (r,s)-regular for some cardinals r,s. If both r and s are ^nite, that is, Δ is locally ^nite, then it is possible to apply a slightly changed version of a proof of THOMASSEN and WOESS ([80], Proposition 5.2). If both r and s are in^nite, then it is easy to construct a 2-track inductively. If r is uncountable and s is ^nite (or vice versa), then it is possible to start with an ω- (ω^∗-) track and to extend it to a 2-track inductively.

It remains the case where r = ℵ_0 and s is ^nite (or vice versa). Without loss of generality, let Δ be an in^nite, connected, v-transitive, (ℵ_0,s)-regular digraph (s ∈ N). Choose an arbitrary vertex v_0 ∈ V (Δ). According to Corollary 2.39, there exists a geodesic ω-track Θ_0 possessing v_0 as its initial vertex. In turn, let v_1, v_2, v_3,... denote the other vertices of Θ_0.

Assume that all the inneighbours of v_0 are on Θ_0. For all n ∈ N, there exists σ_n ∈ Aut(Δ) such that σ_n(v_n) = v_0. Let Θ_n := σ_n(Θ_0) and M := {σ_n(v_0) | n ∈ N, (v_n ,v_0) ∈ A(Δ)}. Clearly, for every u ∈ M, there exists n ∈ N such that σ_n((v_n,v_0)) = (v_0,u) ∈ A(Δ). Since v_0 has ^nite outdegree, M is ^nite. Hence there exist w ∈ M, k,l ∈ N such that the w → v_0-tracks on Θ_k and Θ_l are of different lengths. This contradicts the fact that Θ_k and Θ_l are geodesic ω-tracks.

Therefore, there is a vertex v_{−1} lying not on Θ_0 such that (v_{−1},v_0) ∈ A(Δ). Let Θ^{(1)}_0 := Θ_0 ∪ {v_{−1}} ∪ {(v_{−1},v_0)}. Now, assume that all the inneighbours of v_{−1} are on Θ^{(1)}_0 . For each n ∈ N, there exists σ^{(1)}_n ∈ Aut(Δ) such that σ^{(1)}_n (v_n) = v_{−1}. Let Θ^{(1)}_n := σ^{(1)}_n (Θ^{(1)}_0 ) and M^{(1)} := {σ^{(1)}_n (v_{−1}) | n ∈ N, (v_n ,v_{−1}) ∈ A_Δ}. Clearly, for every u ∈ M^{(1)}, there exists

n ∈ N such that σ^{(1)}_n ((v_n,v_{−1})) = (v_{−1},u) ∈ A_Δ. Since v_{−1} has ^nite outdegree, M^{(1)} is ^-

nite. Hence, there exist w^{(1)} ∈ M^{(1)} such that w^{(1)} is the initial vertex of in^nitely many of the Θ^{(1)}_n . Since w^{(1)} has ^nite outdegree, there exists an outneighbour x^{(1)} of w^{(1)} such that x^{(1)} is the second vertex on in^nitely many of the Θ^{(1)}_n . Hence there exist in^nitely many x^{(1)} → v_{−1}-tracks of different lengths, a contradiction to the fact that every Θ^{(1)}_n is from its second vertex on a geodesic. Now it is easy to see that a 2-track can be constructed inductively. 2

The example DK_{ℵ0} shows that in a connected, v-transitive digraph of in^nite degree a geodesic 2-track can not be expected.

Theorem 2.41.

Let Δ be an in^nite, connected, locally ^nite, v-transitive digraph and Θ be a geodesic 2- track of Δ. Then Δ − Θ has no ^nite components. 2

Proof:

Δ^u is in^nite, connected, locally ^nite and v-transitive. According to Theorem 4.2 of [87], Δ^u − Θ^u has no ^nite component. Hence Δ − Θ has no ^nite component. 2

2.6 Ends in Vertex-Transitive Digraphs and Automorphisms

2.6.1 Ends and Automorphisms of Undirected Graphs In the sequel, some notions and results concerning ends and automorphism of undirected graphs are listed and commented. De^nition 2.42 (translation, τ-periodic).

An automorphism τ of a (di)graph Δ is called a translation if τ[F] ≠ F for all F ⊑ V (Δ). If τ is a translation of Δ and Θ is an in^nite 2-ray (2-track), then Θ is called τ-periodic if there exists k ∈ N such that τ^k(Θ) = Θ.

The following theorem justi^es in a way the naming ŞtranslationŤ in giving a very detailed description of a graph Γ which admits a translation. If τ is a translation of Γ, then there is a ^xed end under τ which is uniquely determined by the sequences (τ^i(v))_{i∈}N_0 (v ∈ V (Γ)) in the sense of the proof of Theorem 4 in [34]. This end will be called the direction of τ and will be denoted by D_τ. For the de^nition of m_1, see Section 2.2.

Theorem 2.43. (HALIN 73, [34], Theorem 9, Corollary 14; DIESTEL/JUNG/ M ĺOLLER 93, [16])

Let τ be a translation of the connected graph Γ. Then the following statements are valid.

(1) m_1(D_τ) = m_1(D_τ−1 ).

(2) D_τ ≠ D_τ−1 if and only if m_1(D_τ) < ∞.

(3) There exists a system of m_1(D_τ) pairwise disjoint τ-periodic 2-rays in Γ. (4) If D_τ = D_τ−1 , then every ^nite set of pairwise disjoint τ-periodic 2-rays can be extended to an in^nite set of pairwise disjoint τ-periodic 2-rays.

(5) If m_1(D_τ) = m < ∞, then n ∈ N, S ⊑ V (Γ), a ’section graph’ Γ_0, and pairwise disjoint τ-periodic 2-rays Π_1, ..., Π_m can be found such that

(a) τ^n[Π_i] = Π_i for all i ∈ [m], (b) S separates D_τ and D_τ−1 , (c) S consists of m vertices, hence meets each Π_i in exactly one vertex t_i, (d) the subgraphs τ^{n j}[S], j ∈ Z, are pairwise disjoint, (e) if v ∈ V (Π_i), w ∈ V (Π_j), and v < t_i, t_j < w, where < denotes the natural order of Π_i (or Π_j, respectively) given by τ, then S separates v and w in Γ; hence (f) if i < j < k are arbitrary integers, then τ^{jn}[S] separates in Γ each vertex of τ^{in}[S] from each vertex of τ^{kn}[S], and no pair of vertices of a τ^{jn}[S] is separated in Γ by any other τ^{in}[S].

(g) Γ = ⋃ j∈Z^{τ jn[Γ}0^{], and, for all k ∈} Z^,

(_{j−1} ⋃ i=−∞ τ^{in}[Γ_0] ) ∩ τ^{jn}[Γ_0] = τ^{jn}[S].

Further, if Γ_0 contains a ray Ψ, then the τ^j[Ψ], j ∈ Z, are pairwise not equivalent to each other in Γ and are not elements of D_τ ∪ D_τ−1. If Γ_0 is ^nite, then D_τ ≠ D_τ−1 and there are no other ends in Γ. 2

Corollary 2.44 (HALIN 73, [34], Corollary 15).

If τ is a translation of the connected graph Γ, then Γ has either 1, 2, or in^nitely many ends. If |Ω_Γ| < ∞, then |Ω_Γ| = 1 if and only if m_1(Γ) = ∞, and |Ω_Γ| = 2 if and only if m_1(Γ) < ∞. 2 The following seminal result of JUNG was a milestone in the investigation of in^nite, v-transitive graphs.

Theorem 2.45 (JUNG 81, [44], Theorem 1).

If Γ is a graph, G is a v-transitive subgroup of Aut(Γ), and Y is an in^nite fragment of Γ, then there exists σ ∈ G such that σ[Y ∪ ∂Y ] ⊆ Y . 2

Later, JUNG characterized proper translations in the following way. (A proper translation τ is a translation which ^xes exactly two ends which, according to Theorem 2.43, means that D_τ ≠ D_τ−1 .)

Theorem 2.46 (JUNG 91, [45], Theorem 2.7).

An automorphism τ of a connected graph Γ is a proper translation if and only if there exists an induced connected subgraph Ξ of Γ and n ∈ N such that 0 < |∂Ξ| < ∞ and τ^n[Ξ∪∂Ξ] ⊆ Ξ. 2 Hence, Theorem 2.45 says that every v-transitive, in^nite, connected graph with an in^- nite fragment admits a proper translation and, therefore, has at least two ends. If τ is a proper translation, then every τ-periodic 2-track is a D_τ,D_τ−1 -track.

Further, JUNG and WATKINS were able to show that a v-transitive, connected, in^nite graph with more than two ends must have at least in^nitely many ends, as can be seen from the next theorem which has to prepared by some new terminology. A set M of fragments is called strongly disjoint if, for all X, Y ∈ M , (X ∪ ∂X) ∩ (Y ∪ ∂Y ) = /0.

De^nition 2.47 (strip, directed strip).

A strip is a locally ^nite, connected graph with exactly two ends which admits a translation. A directed strip is a locally ^nite, connected digraph admitting a translation such that the underlying undirected graph has exactly two ends. 2

Theorem 2.48 (JUNG/WATKINS 84, [50], Corollary 4.4).

If Γ is a connected, v-transitive graph with κ_∞(Γ) < ∞ and not a strip, then each in^nite fragment of Γ contains an in^nity of strongly disjoint in^nite fragments. 2

The next theorem is an important result concerning in^nite v-transitive graphs and has been a sort of folklore in in^nite graph theory (at least in its locally ^nite version) for several years. (The locally ^nite version was implicitly contained in Theorem 2.45 and Theorem 2.48 and can even traced back to Theorem 10 of [34].) Using independent methods, MOHAR [54] proved the same result for connected, locally ^nite, almost v-transitive, in^nite graphs.

Theorem 2.49 (DIESTEL/JUNG/M ĺOLLER 93, [16], Corollary 4).

A v-transitive, connected, in^nite graph has either 1, 2, or at least 2^{ℵ0} ends. 2

DIESTEL, JUNG, and M ĺOLLER derived this result with the aid of the following interesting theorem and the subsequent corollary. If Γ is an in^nite, connected graph and G is a subgroup of Aut(Γ), then it is said that G shuf~es Γ if, for every S ⊑ V (Γ) and every in^nite M ⊆ V (Γ) with ^nite boundary, there exists a σ ∈ G such that σ[S] ⊆ M.

Theorem 2.50 (DIESTEL/JUNG/M ĺOLLER 93, [16], Theorem 3).

If Γ is a connected graph of in^nite diameter, then Γ is shuf~ed by any group G ≤ Aut(Γ) that acts transitively on V (Γ). 2

Corollary 2.51 (DIESTEL/JUNG/M ĺOLLER 93, [16], Corollary 2).

If Γ is a v-transitive, connected graph of in^nite diameter, M ⊆ V (Γ) is in^nite, and ∂M is ^nite, then M has in^nite diameter in Γ. 2

Further, DIESTEL, JUNG, and M ĺOLLER showed

Theorem 2.52 (DIESTEL/JUNG/M ĺOLLER 93, [16], Theorem 7).

If Γ is a v-transitive, connected graph with exactly two ends, then Γ is locally ^nite. (In fact, Γ is a strip.) 2

The assertion in the brackets can immediately be seen from the proof of Theorem 7 in [16].

Every v-transitive, in^nite, connected graph with more than one end admits a translation. The seemingly not yet solved question occurs whether this is also true in the 1-ended case.

Problem 7.

Does every 1-ended, connected, v-transitive graph admit a translation? 2

To ^nd a counterexample it may be worth to search among the connected, in^nite, locally ^nite graphs whose automorphism group contains a v-transitive torsion subgroup. Examples of such graphs are provided by CAYLEY graphs of ^nitely generated, in^nite torsion groups whose existence has been shown by GOLOD and SHAFAREVITCH [23]. Some results about the connectivity of such graphs are due to BABAI and WATKINS [8].

2.6.2 Ends and Automorphisms of Digraphs

In this section the attempt is made to carry over as much as possible from the results of the previous section to digraphs.

JUNG ([45], Proposition 2.6) gave a very short proof of a version of the following statement for undirected graphs. The proof given here bases on JUNG’S proof.

Proposition 2.53.

Let Δ be a connected digraph and τ ∈ Aut(Δ) be a translation of Δ. Then Δ contains a nonempty set of τ-periodic 2-tracks if and only if there exists k ∈ Z \ {0} and v ∈ V (Δ) such that there is a v → τ^k(v)-track in Δ.

Proof:

The ’only if’-part is trivial. To show the ’if’-part, let Ψ ∈ ⋃ v∈V (Δ)

{Θ | ∃k ∈ Z \ {0} : Θ is a v → τ^k(v)-track} ≠ /0

be shortest possible. Then Ψ is a w → τ^n(w)-track, say. For j ∈ [|n|], let

Ψ_j := ⋃ i∈Z^τ in+ j(Ψ).

It will be shown that every Ψ_j, j ∈ [|n|], is a τ-periodic 2-track in Δ. For i ∈ Z and j ∈ [|n|], let Ψ_{i j} := τ^{in+ j}(Ψ − τ^n(w)). Ξ := Ψ_{i j} ∩ Ψ_i′_j′ ≠ /0 for i ≠ i^′ or j ≠ j^′ is impossible: Let x ∈ V (Ξ) and k = i^′n + j^′ − (in + j). Then there exists either a τ^k(x) → xŰsubtrack or an x → τ^k(x)Űsubtrack of Ψ_i′_j′ which would be shorter than Ψ, contradicting the minimality of Ψ. It follows that (Ψ_{i j} ∪ {τ^{(i+1)n+ j}(w)}) ∩ Ψ_i′_j′ contains exactly the initial of Ψ_i′_j′ Ů which is also the terminal of Ψ_{i j} Ů if and only if j = j^′ and i^′ = i + 1. 2

The next result formulates a part of HALIN’S above mentioned result in an appropriate manner for digraphs. Note that Aut(Δ) ⊆ Aut(Δ^u) for every digraph Δ.

Theorem 2.54.

Let Δ be a digraph and τ be a translation of Δ such that τ is a proper translation of Δ^u, i.e. τ ^xes exactly two ends of Δ^u, namely E := D_τ and E^′ := D_τ−1 . Let r be the maximum cardinality of a system of pairwise disjoint τ-periodic E^′ → EŰtracks in Δ, s be the maximum number of pairwise disjoint ω-tracks in Δ such that the underlying undirected rays are in E, and s^∗ be the maximum number of pairwise disjoint ω^∗-tracks in Δ such that the corresponding underlying rays are in E^′. Then r = s = s^∗. 2

Proof:

Let n, m, S and (Δ^u)_0 be as in Theorem 2.43 (with respect to τ). Clearly, r ≤ s,s^∗. Let Θ_1,..., Θ_s be a system of pairwise disjoint ωŰtracks such that Θ^u_1,..., Θ^u_s are in E. There exists k ∈ N such that, for all l ≥ k, τ^{nl} [S] ∩ Θ_i ≠ /0 for every i ∈ [s]. Since S and s are ^nite, there exists a sequence k < p_1 < p_2 < p_3 < ... of integers such that, for all l ∈ [s] and whenever i < j, all vertices of τ^{npi} [S] ∩ Θ_l are on Θ_l before the vertices of τ^{np j} [S] ∩ Θ_l.

Now, an intersection pattern of N_i := τ^{npi} [S] with ⋃ l∈[s] Θl will be understood as a 4-

dimensional boolean (m,m,s,9)-matrix M_i. Consider the vertices of S to be arbitrarily labeled with the integers 1,...,m, and the vertices of each N_i to be labeled according to the induced labeling of τ^{ni}[S]. Further, note that if v is a vertex of N_i ∩ Θ_l , then there are exactly nine possible ways for Θ_l to pass through v (see Fig. 2.5).

N_i N_i

N_i

Figure 2.5: The nine ways some Θ_l can pass through a vertex v of some N_i.

Consider these nine ways to be denoted by w_1,..., w_9, respectively. Now, an entry m^i_{abcd} of M_i is de^ned to be 1 if and only if the vertex v_a of N_i is Ů in the order of the vertices of N_i ∩ Θ_c on Θ_c Ů the bth vertex on Θ_c, and Θ_c passes v_a in the way w_d. Otherwise, m^i_{abcd} is de^ned to be 0.

Since S is ^nite, there are only ^nitely many intersection patterns. It follows that there are i < j such that N_i and N_j have the same intersection pattern with ⋃ l∈[s] Θl . It follows,

that the translation of

ϒ := ⋃ i∈[s]

Θ_i ∩

(_{p j−1} ⋃ i=p_i

τ^{ni}[(Δ^u)_0] )

by τ^{n(p j−pi)} generates at least s τ-periodic 2-tracks. A dual proof holds for the statement about ω^∗-tracks. Therefore, s = r = s^∗. 2

An automorphism φ of the (di)graph Δ is called unbounded if {dist(v,φ(v)) | v ∈ V (Δ)} is unbounded in N.

Corollary 2.55.

If a (directed) strip Σ admits an unbounded automorphism, then r = r^∗ = s = s^∗ = t = t^∗, where r^∗, t, and t^∗ are the corresponding parameters to r, s, and s^∗ in E^′, E^′ and E, respectively. 2

Proof:

Let φ be an unbounded automorphism of Σ. Because of Theorem 5.10 (b) in [50], which says that an automorphism ψ of a strip Σ is not unbounded if and only if, for any fragment C of Σ, C ∩ ψ[C] and C ∩ ψ[C] are fragments while C ∩ ψ[C] and C ∩ ψ[C] are not fragments, and due to the fact that every fragment of Σ^u corresponds to one of the ends E, E^′ of Σ^u, φ exchanges the ends E and E^′ of Σ^u. Clearly, the ω-tracks whose underlying rays belong to E are mapped by φ onto ω-tracks whose underlying rays belong to E^′. 2

The next statement is due to the fact that there is no ^nite, v-transitive, acyclic digraph except the digraph which consists of a single vertex. Remember, that Δ^∗ is always acyclic.

Proposition 2.56.

A v-transitive, connected digraph either is strongly connected or has in^nitely many strong components. All these strong components are v-transitive and isomorphic. 2

The following theorem is a slightly incomplete version of Theorem 2.49 for digraphs.

Theorem 2.57.

If Δ is an in^nite, connected, v-transitive digraph, then the following statements hold:

(1) If Δ^u has one end, then Δ has

• in^nitely Ů more precisely, at least the number of strong components of Δ times the number of c-ends of such a strong component Ů many composed ends provided that Δ is not strongly connected and any strong component of Δ has at least one c-end;

• either two or in^nitely many c-ends provided that Δ is not strongly connected and no strong component of Δ has a c-end.

(2) If Δ^u has two ends, then Δ is a directed strip. Every v-transitive, directed strip has exactly two c-ends.

(3) If Δ is locally ^nite or strongly connected, and Δ^u has at least 2^{ℵ0} ends, then Δ has at least 2^{ℵ0} c-ends. 2

Proof:

ad (1): Let Δ^u have only one end. From Proposition 2.56 it follows that Δ either is strongly connected or has in^nitely many v-transitive strong components that are all isomorphic. The former case will not be examined here.

In the latter case, if one of the strong components has a c-end, then Δ has in^nitely many c-ends by Lemma 2.9. If none of the strong components has a c-end, then, by Theorem 2.14, Δ can be assumed to be acyclic. According to Theorem 2.40, every vertex lies on a 2-track. Since there are no acyclic proper c-ends (Proposition 2.11), Δ has at least two c-ends. Consider that, for every vertex of Δ, its transmitting area has only one ω-end and its receiving area has only one ω^∗-end. As Δ is connected, there is a zigzag-track between any pair u, v of vertices in Δ which means that one can ^nd a ^nite sequence of vertices with u as its ^rst vertex and v as its last vertex such that the transmitting areas of consecutive vertices in the sequence do overlap. The intersection of two overlapping transmitting areas contains the transmitting area of some vertex w which contains at least one ω-end. It follows that Δ has exactly one ω-end because every ω-track is contained in the transmitting area of some vertex of Δ. Similarly, one shows that Δ has exactly one ω^∗-end. Altogether, Δ has exactly two c-ends. Therefore, if Δ has more than two c-ends, then the transmitting area of any vertex of Δ has two ω-ends or the receiving area of any vertex of Δ has two ω^∗-ends. Without loss of generality, assume that every transmitting area has at least two ω-ends. Let E and E_0 be two ω-ends of the transmitting area of the vertex v_0 and Θ ∈ E, Θ_0 ∈ E_0 be two ω-tracks. Without loss of generality, assume Θ ≰ Θ_0. Then Θ contains a vertex v_1 whose transmitting area does not intersect Θ_0. Since Δ is v-transitive, the transmitting area of v_1 contains an ω-track Θ_1 that belongs to an ω-end E_1 ≠ E. Clearly, also E_1 ≠ E_0. Now, it is easy to see that one can construct in^nitely many ω-ends of Δ by induction.

ad (2): If Δ is a digraph, then Aut(Δ) is a subgroup of Aut(Δ^u). Hence it follows by Theorem 2.45 and Theorem 2.46 that every v-transitive, connected digraph Δ such that Δ^u is 2-ended is a (directed) strip.

According to Theorem 2.40, Δ contains a 2-track Θ. Let τ be a translation of Δ and E, F be the ends of Δ^u. As V (Δ) has only ^nitely many < τ >-orbits, at least one of these orbits has in^nitely many vertices in common with Θ. By Proposition 2.53, it follows the existence of at least one τ-periodic 2-track Ψ in Δ. Remember that Ψ^u is an E,F Űpath. Hence every vertex v of Δ lies on a 2-track Θ_v such that (Θ_v)^u is an E,F Űpath, since Δ is v-transitive. Let (Δ^u)_0, S, and n be as in Theorem 2.43 (5) (with respect to τ). For any vertex v of (Δ^u)_0, there are integers k < 0 < l such that τ^k[S] has the same intersection pattern (see the proof of Theorem 2.54) with Θ_v as τ^l [S] in such a way that all vertices of τ^k[S] ∩ Θ_v are before (or behind) all vertices of τ^l[S] ∩ Θ_v. Now, it is easy to see that v lies on a τ-periodic 2-track. Since (Δ^u)_0 is ^nite, and because (Δ^u)_0 intersects with all < τ^n >-orbits, only ^nitely many τ-periodic 2-tracks are necessary to cover all vertices of Δ.

Let Θ_1,..., Θ_m be such a system of τ-periodic 2-tracks. Choose Θ_i and Θ_j arbitrarily. Assume Δ to contain a Θ_i → Θ_jŰtrack Π but no Θ_j → Θ_iŰtrack. Then Θ_i < Θ_j since the Θ_n are τ-periodic. Let u be a vertex of Θ_i, v be a vertex of Θ_j, and σ be an automorphism of Δ such that σ(u) = v. Such a σ exists since Δ is v-transitive. Let Ψ be an ω-subtrack of σ[Θ_i]. Ψ has no vertex in common with Θ_i, because, otherwise, Θ_i is reachable by Θ_j. Hence Ψ has in^nitely many vertices in common with one of the Θ_n, n ≠ i, Θ_k say. Let Ψ^′ denote a sub-1-track of σ[Θ_j] such that Ψ < Ψ^′. Ψ^′ has in common in^nitely many vertices with one of the Θ_n, Θ_l say. It follows Θ_j ≤ Θ_k and Θ_k < Θ_l , thus Θ_j < σ[Θ_j]. (Otherwise, Ψ < Ψ^′ is impossible.) Now it is easy to see that an in^nite chain of disjoint 2-tracks can be constructed inductively, contradicting the fact that Δ contains only ^nitely many pairwise disjoint 2-tracks.

Now consider that neither Θ_i is reachable by Θ_j nor vice versa. As Δ is connected, there exists a zigzag-track ϒ joining Θ_i and Θ_j. Let z be the vertex of ϒ adjacent to the rim vertex of ϒ which is on Θ_j. Without loss of generality, assume that the arc a between z and Θ_j is directed towards Θ_j. z lies on one of the Θ_n, Θ_q say. It follows Θ_q ≤ Θ_j, since there are in^nitely many disjoint images of a from Θ_q to Θ_j because Θ_q and Θ_j are both τ-periodic. It follows Θ_q ∼ Θ_j since Θ_q < Θ_j is impossible. Now it is easy to see that Θ_i ∼ Θ_j follows by induction. Every 1-track in Δ has in^nitely many vertices in common with some sub-1-track of some Θ_n.

ad (3): At ^rst, assume Δ to be strongly connected. As Δ^u has more than two ends, there exists S ¡ V (Δ) such that Δ^u − S has at least three in^nite components. Denote two of these components with Ξ_0 and Ξ_1, respectively. Clearly, S can be chosen such that Δ[S] is strongly connected. Because of Theorem 2.50, one can ^nd automorphisms σ_i such that S_i := σ_i[S] ⊆ Ξ_i (i = 0,1). As Δ is strongly connected, there exists an S → S_iŰtrack in Δ (i = 0,1). Now, it is easy to see that one can inductively construct an ω-endinjective subdivision of the dyadic arborescence in Δ. It follows that Δ has at least 2^{ℵ0} c-ends.

Now, if Δ is not strongly connected, then it has in^nitely many v-transitive strong components Ξ_i, i ∈ I, which are all isomorphic. If Ξ is such a strong component and Ξ^u has at least 2^{ℵ0} many ends, then it is possible to use the argumentation in the previous paragraph. If Ξ^u has one or two ends, and there are at least 2^{ℵ0} strong components, then, of course, Δ has at least 2^{ℵ0} c-ends.

It will be shown that, if Ξ is ^nite or if Ξ^u has one or two ends and Δ has < 2^{ℵ0} strong components, then (Δ^∗)^u has at least 2^{ℵ0} ends.

Consider a ray Π in Δ^u to have in^nitely many vertices in common with Ξ^u, and denote these vertices with v_1, v_2, v_3,... according to their order on Π. Then Ξ^u is not ^nite and, according to the assumption, has one or two ends. If Ξ^u has one end and is locally ^nite, then the graph obtained by the union of arbitrarily chosen v_i → v_{i+1}-tracks in Ξ^u (i ∈ N) is locally ^nite and, therefore, contains a ray. This ray is end-equivalent with Π. If Ξ^u has one end and in^nite degree, then pick up some ray Π^′ in Ξ^u. No vertex x of Ξ^u can be separated from Π^′ by a ^nite subgraph ϒ of Ξ^u since, otherwise, the component of Ξ^u − ϒ which contains x contains a ray Ů which can easily be constructed by induction since Ξ^u has in^nite degree Ů, contradicting the fact that Ξ^u has only one end. Hence it is possible to construct in^nitely many pairwise disjoint Π,Π^′-paths in Ξ^u by induction. If Ξ^u has two ends, then Ξ^u is a strip (Theorem 2.52). Now, it is very easy to see that Π is end-equivalent with some ray in Ξ^u.

In the last paragraph, it has been shown that a ray which has an in^nite intersection with some (Ξ_j)^u, j ∈ I, is contained in an end which also contains a ray of (Ξ_j)^u. Let f be the function that maps a subgraph ϒ of Δ^u onto the subgraph of (Δ^∗)^u which has as its vertices the (Ξ_i)^u that have a nonempty intersection with ϒ and which contains an edge {(Ξ_i)^u, (Ξ_j)^u} whenever i ≠ j and there is an edge in ϒ that connects (Ξ_i)^u with (Ξ_j)^u. Clearly, every ray of Δ^u whose intersection with every (Ξ_i)^u is ^nite is mapped by f onto a ray of (Δ^∗)^u. If two such rays Π and Π^′ belong to different ends of Δ^u, then f [Π] and f [Π^′] belong to different ends of (Δ^∗)^u since any ^nite set separating Π and Π^′ in Δ^u is mapped by f onto a ^nite set of (Δ^∗)^u which separates f [Π] and f [Π^′]. It follows that (Δ^∗)^u has at least |Ω_Δu | − |I||Ω_{(Ξi)}u | = 2^{ℵ0} ends (for any i ∈ I), since either both |I| and |Ω_{(Ξi)}u | are less than 2^{ℵ0} or |Ω_{(Ξi)}u | = 0.

This yields that if Δ is not strongly connected, then Δ can be assumed to be acyclic because of Corollary 2.15.

Now, let Δ be locally ^nite and assume that, for some v ∈ V (Δ), neither a pair of ωtracks of the transmitting area of v nor a pair of ω^∗-tracks of the receiving area of v can be separated by some S ⊑ V (Δ). A similar argumentation as in (1) using the v-transitivity and connectedness of Δ yields that no pair of ω-tracks and no pair of ω^∗-tracks in Δ can be separated in Δ by a ^nite S ⊑ V (Δ). It follows that, for every S ⊑ V (Δ), Δ − S, and hence Δ^u − S, has at most two in^nite components, a contradiction to the fact that Δ^u has more than two ends. Hence some pair of ω-tracks in the transmitting area of v or some pair of ω^∗-tracks in the receiving area of v can be separated by some S ⊑ V (Δ). Without loss of generality, assume the former to be true. Let Θ_0 and Θ_1 be a pair of ω-tracks with the same initial vertex v such that, for some S ⊑ V (Δ), rest(Θ_0 − S) and rest(Θ_1 − S) are in different components ϒ_0 and ϒ_1 of Δ − S, respectively.

According to Corollary 2.51, both (ϒ_0)^u and (ϒ_1)^u have in^nite diameter in Δ^u. As Δ is locally ^nite, the distances of the vertices of Θ_0 and Θ_1 from S become arbitrarily large. Hence there exist automorphisms ψ_i, i ∈ N, such that ψ_i(v) ∈ V (Θ_0) and ψ_{i+1}[S] is completely contained in the component of Δ − ψ_i[S] which contains rest(Θ_0 − ψ_i[S]) for every i ∈ N.

Now, let the vertices of Θ_0 Ů beginning with the initial vertex Ů be denoted by v, u_{0;1}, u_{0;2}, u_{0;3},..., and, for i ∈ N, let φ_{0;i} be an automorphism of Δ with φ_{0;i}(v) = u_{0;i}. Consider that

(*) there is no ω-track Θ_{01} in ϒ_0 which has its initial vertex on Θ_0 such that rests of Θ_0 and Θ_{01} can be separated in Δ by some F ¡ V (Δ).

It follows that, for all i ∈ N, S intersects with Ψ_{0;i}, where Ψ_{0;i} = φ_{0;i}[Θ_0] or Ψ_{0;i} = φ_{0;i}[Θ_1], and that, for all i ∈ N, rests of Ψ^′_{0;i} and Θ_0 are in the same component of Δ−φ_{0;1}[S], where Ψ^′_{0;i} = φ_{0;i}[Θ_k] if Ψ_{0;i} = φ_{0;i}(Θ_{1−k}). For all i ∈ N, all but ^nitely many of the Ψ_{0; j},

j ∈ N, intersect with ψ_i[S]. Hence, with the aid of the Ψ_{0; j} , j ∈ N, one easily derives the

existence of an ω^∗-track Π_1 ⊆ ϒ_0 ∪ S such that Θ_0 ≤ Π_1. (This would also be valid if Δ had in^nite degree since the ψ_i[S], i ∈ N have all the same ^nite cardinality.) It follows that Θ_0 < Π_1 because Δ is acyclic. Let the vertices of Π_1 Ů beginning with the terminal vertex Ů be denoted by u_{1;1}, u_{1;2}, u_{1;3},..., and, for every i ∈ N, let φ_{1;i} be an automorphism such that φ_{1;i}(v) = u_{1;i}. Because of (*), it follows that, for all i ∈ N, S intersects with Ψ_{1;i}, where Ψ_{1;i} = φ_{1;i}[Θ_0] or Ψ_{1;i} = φ_{1;i}[Θ_1], and that, for all i ∈ N, rests of Ψ^′_{1;i} and Θ_0 are in the same component of Δ − φ_{1;i}[S], where Ψ^′_{1;i} = φ_{1;i}[Θ_k] if Ψ_{1;i} = φ_{1;i}(Θ_{1−k}). With the aid of the Ψ^′_{1;i}, i ∈ N, one easily derives the existence of an ω-track Π_2 ⊆ ϒ_0 such that Π_1 ≤ Π_2. It follows that Π_1 < Π_2 since Δ is acyclic.

Repeating this procedure, one obtains an in^nite sequence Π_1 < Π_2 < Π_3 < ... of 1- tracks such that each Π_i, i ∈ N, intersects with all but ^nitely many of the ψ_j[S], j ∈ N. This contradicts the fact that S is ^nite.

Hence assumption (*) must be false. It is easy to see that if (*) is false, then one can construct a subdivision of the dyadic arborescence which is ω-endinjective in Δ. 2

To complete Theorem 2.57, one has to deal with the conjecture below. Beforehand, some arguments are given to justify this conjecture.

If Δ is a strongly connected, v-transitive digraph such that Δ^u has exactly one end then it seems that, due to the v-transitivity of Δ, the strongly connectedness of Δ is distributed uniformly over the whole of Δ, i.e., for every S ⊑ V (Δ), there exists S^′ ⊑ V (Δ) such that S ⊆ S^′ and Δ − S^′ is strongly connected. If so, then it is easy to see that Δ has one end.

If Δ is a v-transitive, connected digraph such that Δ^u has at least 2^{ℵ0} ends, then even in the case that Δ is neither locally ^nite nor strongly connected it seems that Δ contains a 1-track Θ such that the distances between any vertex of Δ and the vertices of Θ become arbitrarily large.

Conjecture 2.58.

Let Δ be an in^nite, v-transitive, connected digraph. Then the following statements are valid:

(1) If Δ^u has exactly one end and Δ is strongly connected, then Δ has exactly one c-end. (2) If Δ^u has at least 2^{ℵ0} ends, then Δ has at least 2^{ℵ0} c-ends, even if Δ is not locally ^nite or strongly connected. 2

The example of the alternating oriented 2-ray shows that an arc-transitive digraph need not to contain even a 1-track.

2.7 Digraphs Without 1-Tracks

In this section a theorem very similar to Satz 1 of HALIN [30] is proved.

Let Δ be a digraph. An in^nite M ⊆ V (Δ) is called bilaterally dispersed if there exists an S ⊑ V (Δ) such that every unilateral component of Δ − S contains only ^nitely many vertices of M. Note, that unilateral components are not necessarily disjoint.

2.7 Digraphs Without 1-Tracks 47

Theorem 2.59.

Let Δ be a digraph. Then the following statements are equivalent:

(1) Δ contains no 1-track.

(2) For all in^nite M ⊆ V (Δ), there exists an in^nite, bilaterally dispersed M^′ ⊆ M. 2

Proof:

⇐: If Δ contains a 1-track Θ, then set M := V (Θ) and let T ⊑ V (Δ) and M^′ an arbitrary in^nite subset of M. Then rest(Θ − T ) is unilaterally connected, i.e. it belongs to a unilateral component of Δ − T , and, of course, contains in^nitely many vertices of M^′, a contradiction. Hence, Δ contains no 1-tracks.

⇒: Assume Δ to contain no 1-tracks and that

(I) there exists an in^nite M ⊆ V (Δ) such that, for all T ⊑ V (Δ) and for all in^nite M^′ ⊆ M, there exists a unilateral component Ξ of Δ − T such that Ξ contains in^nitely many vertices of M^′.

Every unilateral component of a digraph represents a maximal chain of strong components with respect to the reachability relation in Δ^∗. The existence of a unilateral component Ξ containing in^nitely many strong components implies the existence of a strictly increasing or decreasing countable sequence of strong components (with regard to reachability). With the aid of these strong components one can very easily construct an ω- or ω^∗-track (using the same technique as in Proposition 2.12), a contradiction to the assumption. Hence, every unilateral component of Δ contains only ^nitely many strong components. Therefore, (I) can be transformed to (II) There exists an in^nite M ⊆ V (Δ) such that, for all T ⊑ V (Δ) and for all in^nite M^′ ⊆ M, there exists a strong component Ξ of Δ − T such that Ξ contains in^nitely many vertices of M^′.

Now, it is possible to apply the technique HALIN used in his proof of Satz 1 in [30]: Let Ξ_0 be a strong component containing in^nitely many vertices of M_0 := M and v_0 be an arbitrarily chosen vertex from Ξ_0. Because of (II), there exists a strong component Ξ_1 of Ξ_0 − v_0 containing an in^nite M_1 ⊆ Ξ_0 ∩ M_0. (For the strong components of Ξ_0 − v_0 are also strong components of Δ − v_0. This is not necessarily true for unilateral components!) There exists a v_0 → Ξ_1-track Π_1. Let v_1 denote the terminal of Π_1. If M_0,...,M_n, Ξ_0,...,Ξ_n, v_0,...,v_n and Π_1,...,Π_n are already constructed such that, for all i ∈ [n], Ξ_i is a strong component of Ξ_{i−1} − v_{i−1}, Π_i is a v_{i−1} → Ξ_i-track, v_i is the terminal of Π_i, M_i ⊆ M_{i−1}, and Ξ_i contains in^nitely many elements from M_i, then, because of (II), there exists a strong component Ξ_{n+1} of Ξ_n − v_n containing an in^nite M_{n+1} ⊆ Ξ_n ∩ M_n. (The strong components of Ξ_{n+1} − v_n are also strong components of Δ − ⋃ i∈[n]∪{0}{vi}, since v0,...,vn−1 are not contained in Ξn.) In Ξn there exists a

v_n → Ξ_{n+1}-track Π_{n+1}. Let v_{n+1} denote the terminal of Π_{n+1}.

By induction, there exist in^nitely many tracks Π_n (n ∈ N) such that Π_i ∩ Π_j = /0 for |i − j| > 2 and Π_i ∩ Π_{i+1} = v_i for i ∈ N. Hence, the union of the Π_i (i ∈ N) is an ω-track, a contradiction. Therefore, (I) must be false, and the theorem is proved. 2

48 An End Concept for Digraphs

Chapter 3

The Classi�cation of All Vertex-Transitive, Planar Strips

3.1 Preliminaries, Part 2

De^nition 2.47 introduces the concept of a strip. To a wide extent, the following terminology is taken over from THOMASSEN [77]. A (^nite or in^nite) graph G is called a plane graph if it is drawn in the Euclidean plane such that two edges of G never have a point in common Ů except possibly an endvertex (see HARARY [38]). An abstract graph Γ is called planar if it is isomorphic to some plane graph G, and any such plane graph G is called an embedding of Γ. A cycle C of a plane graph G is called a facial cycle, and the interior (resp. exterior)

of C is called a face of G iff the interior (resp. exterior) of C does not intersect G. The set of

all faces of a plane graph G is denoted by F(G). A k-face is a face which is incident with k vertices. If f is a face of a plane graph G, then the vertex set of the facial cycle related to f may also be denoted by V ( f ). Two faces of a plane graph G are called adjacent if their related facial cycles have an edge in common. A plane graph G is called f-transitive if Aut(G) acts transitively on the set of all facial cycles of G. A plane graph G^′ is called a (geometric) dual (of the plane graph G) iff there is a bijection φ : V (G^′) → F(G) such that, for all v,w ∈ V (G^′), v lies in the face φ(v) and, for every common edge e of the faces φ(v) and φ(w) in G, G^′ contains an edge vw_e that intersects e but no other edge of G, and there are no other edges in G^′. Thus a dual can contain loops and multiple edges. A plane graph is called self-dual if it is isomorphic to its dual.

If it is said that some sequence occurs in the cyclic ordering of A around B, then this means that those sequence occurs in the clockwise or in the counterclockwise cyclic ordering of A around B. The one- (two-) dimensional topological sphere will be denoted by S^1 (S^2), respectively.

Remark 3.1.

If v_1v_2, v_2v_3,..., v_nv_1 are, in the clockwise ordering, the edges of a facial cycle, then v_{i−1}v_i and v_iv_{i+1} are consecutive and v_{i−1}v_i comes before v_iv_{i+1} for all i ∈ [n] (in the counterclockwise ordering of the edges around v_i; indices mod n). 2

The following characterization of (^nite and in^nite) planar graphs from WAGNER [85] used DIRAC’s and SCHUSTER’s extension [17] of the famous Theorem of KURATOWSKI [52] to countable graphs. An account on KURATOWSKI’s Theorem is due to THOMASSEN [78].

Theorem 3.2 (WAGNER 67, [85], 1.1). A graph Γ is planar if and only if

(1) Γ has at most 2^{ℵ0} vertices, (2) Γ has at most countably many vertices of degree at least 3, and (3) Γ does not contain a subdivision of a K_5 or a K_{3;3}. 2

Condition (3) of Theorem 3.2 could also be formulated as follows:

(3’) Both K_5 and K_{3;3;} are not minors of Γ.

This is an immediate consequence of

Proposition 3.3 (DIESTEL 96, [15], Proposition 3.4.2).

A graph Γ contains K_5 or K_{3;3} as a minor if and only if Γ contains a subdivision of a K_5 or a K_{3;3}. 2

The following result was ^rst proved for the ^nite case by WHITNEY [89].

Theorem 3.4 (IMRICH 75, [41]).

Every 3-connected, planar, ^nite or in^nite graph has a unique embedding into the Euclidean plane in the sense that Ů up to a possible simultaneous reversal of the edge-order-ings at all vertices Ů the cyclic order of the edges around a vertex is the same in every plane embedding. 2

Note, that the graphs in Theorem 3.4 are allowed to have in^nite degree. Furthermore, the facial cycles of these graphs are the same for all embeddings into S^2. It follows that one can speak of ŞtheŤ facial cycles, ŞtheŤ faces, and ŞtheŤ dual of such a graph.

Proposition 3.6 is a version of the next statement, which WATKINS [88] needed to classify all e-transitive, planar strips.

Proposition 3.5 (WATKINS 91, [88], Lemma 2.5).

If Γ is a planar graph, F is a ^nite set of vertices of Γ, Ξ_1, Ξ_2 are distinct components of Γ − F, x ∈ F, and v_i, u_i ∈ V (Ξ_i) (i = 1,2) are adjacent to x in Γ, then, for no planar embedding of Γ, the neighbours of x (in the counterclockwise cyclic ordering) can form the cyclic subsequence u_1, u_2, v_1, v_2. 2

Proposition 3.6.

If G is a plane graph, C is a facial cycle of G with u1, v1, u2, v2 ∈ V (C), P1 is a u1,v1-path and P2 is a u2,v2-path of G, and P1 and P2 are disjoint, then the cyclic ordering of the

vertices of C cannot contain the subsequence u_1, u_2, v_1, v_2. 2

Proof:

Follows immediately from Proposition 3.5 by adding a new vertex x to G such that x lies in the face whose border is C and is adjacent to u_1, u_2, v_1, v_2, and by deleting all vertices ( ≠ x) from G that do not belong to V (P_1) ∪V (P_2). 2

Let Γ be a 3-connected, planar graph. An edge of Γ is called a k,l-edge if it is incident with a k-face and an l-face of Γ. Γ is said to have the vertex type (a_1.a_2.....a_n) (n ∈ N) if Γ is n-regular and, for every vertex v ∈ V (Γ), one can ^nd a sequence of faces in the cyclic ordering of the faces around v such that the ^rst member of the sequence is an a_1-face, the second one an a_2-face,..., and the last one an a_n-face. A vertex type of the form (....b.b.....b....), where there are m consecutive b’s, may be written (....b^m....). By convention, one starts with the smallest possible value for a_1 and takes the smallest possible value for the next a_j as long as possible. (For example, (5.5.5.3.4.4) is also written (3.4^2.5^3), and (4.6.4.4.3) is also written (3.4^2.6.4).)

Let Γ be a v-transitive graph and G be a subgroup of Aut(Γ). An imprimitivity system I of G on Γ is a partition of V (Γ) into so-called blocks such that G acts on I.

Proposition 3.7.

If Γ is a graph and I is an imprimitivity system of Γ whose blocks induce connected subgraphs of Γ, then the following statements are valid:

(1) If Γ is v-transitive, then ΓI is v-transitive.

(2) If Γ is planar, then ΓI is planar. 2

Proof:

The ^rst statement is trivial. The second statement follows from Theorem 3.2 and Proposition 3.3. 2

3.2 The Classi�cation

The aim of this section is to give a complete classi^cation of all v-transitive, planar strips. For that purpose, one needs some information about the structure of v-transitive strips. The following result by IMRICH and SEIFTER [42], which is an immediate consequence of the Theorem 2.43 of HALIN, provides some useful properties of v-transitive strips:

Proposition 3.8 (IMRICH/SEIFTER 88/89, [42], Proposition 3.2).

If Σ is a v-transitive strip, then V (Σ) is spanned by a system S = {Π_1,...,Π_m} of m = κ_∞(Σ) pairwise disjoint 2-rays, and there exists a translation τ of Σ such that τ[Π_i] = Π_i for all i ∈ [m]. 2

In the sequel, any spanning system of κ_∞(Σ) many pairwise disjoint 2-rays in a vtransitive strip Σ such that each of the 2-rays is left invariant by the same translation τ of Σ is called a main system of Σ (with respect to τ). Note that if E and F are the ends of the strip Σ, then every 2-ray of Σ that is left invariant by some translation of Σ is an E,F -ray.

It immediately follows that there is only one v-transitive strip with κ_∞ = 1, namely the 2-ray. BABAI [7] gives a classi^cation of all stripes, which he de^nes as v-transitive graphs with 2 ends and connectivity exactly 2. There are exactly 6 of them (see Fig. 3.1). It turns out that all stripes are planar and admit a translation, such that a stripe is also a strip. Note that a v-transitive strip with κ_∞ = 2 has connectivity exactly 2, which can be checked easily in the light of Proposition 3.8. Hence Fig. 3.1 shows all v-transitive, planar strips with κ_∞ = 2. This means that, in the sequel, it can be assumed that κ_∞ ≥ 3.

Let E and F be two distinct ends of a graph Γ. Furthermore, let Π and Π^′ be two disjoint E,F -rays of Γ, and let uu^′, vv^′ be a pair of disjoint edges of Γ such that u,v ∈ V (Π)

Figure 3.1: The six v-transitive, planar strips of connectivity 2. (a) The two-way in^nite ladder. (b) The two-way in^nite antiprism. (c) The crossed strip. (d) The crossed ladder. (e) The alternating crossed strip. (f) The alternating crossed ladder.

and u^′,v^′ ∈ V (Π^′). uu^′ and vv^′ are called a pair of crossing edges (between Π and Π^′) if v ∈ V (Π[u,E)) and v^′ ∈ V (Π[u^′,F )). uu^′ and vv^′ are called a pair of consecutive edges (between Π and Π^′) if v ∈ V (Π[u,F )) and v^′ ∈ V (Π[u^′,F )) and, for every edge xx^′ between Π and Π^′, either x ∈ V (Π[u,E)) and x^′ ∈ V (Π^′[u^′,E)) or x ∈ V (Π[v,F )) and x^′ ∈ V (Π^′[v^′,F )).

The next result implies the embeddability of a v-transitive, planar strip with κ_∞ ≥ 3 on a 2-way in^nite cylinder. Any such embedding can be transformed to an embedding in the Euclidean plane by ’going into the inner space of the cylinder and looking down’ (see, e.g., Fig. 3.5, p. 65).

Lemma 3.9.

If Σ is a v-transitive, planar strip with m := κ_∞(Σ) ≥ 3 and S = {Π_1,...,Π_m} is a main system of Σ, then

(1) ΣS is a cycle of length m, (2) there is no pair of crossing edges between any pair Π_i, Π_j ∈ S, (3) Σ is 3-connected, and (4) Θ is a facial cycle of Σ if and only if there exists i ∈ [m] and a pair uu^′, vv^′ of consecutive edges between Π_i and Π_{i+1} such that Θ = Π_i[u,v] ∪ uu^′ ∪ Π_{i+1}[u^′,v^′] ∪ vv^′ (indices mod m). Furthermore, no facial cycle separates Σ. 2

Proof:

Let S be a main system of Σ with respect to the translation τ of Σ.

(1) The proof of the ^rst statement is divided into three steps.

(a) ΣS has minimal degree 2.

Clearly, ΣS cannot contain isolated vertices, since strips are connected. Hence, assume that there is a vertex of degree 1 in ΣS . Without loss of generality, consider the vertices of Π_1 to be adjacent only to vertices of Π_1 and Π_2. If all edges between Π_1 and Π_2 would belong to other edge orbits than the edges of Π_1 and Π_2, then there were an automorphism φ such that φ[Π_2] = Π_1 (Σ is v-transitive!) and φ[Π_1] ∩ V (Π_2) ≠ /0. Obviously, there would exist vertices of φ[Π_1] being adjacent to vertices of some φ[Π_j], j ≠ 1,2, a contradiction. Hence, at least one edge e = uv between Π_1 and Π_2 belongs to a ψ[Π_i], for some ψ ∈ Aut(Σ) and i ∈ [m]. There exists a minimal end-separating set S of m vertices in Σ. Since Σ is v-transitive, every vertex of Σ is in such a set. Clearly, it is impossible for u and v to be together in such a set S^′. Otherwise, there would exist k ∈ [m] such that S^′ ∩ ψ[Π_k] = /0, a contradiction.

There exists an edge wx such that w ∈ V (Π_1(u,E)) and x ∈ V (Π_2(v,F )) (or vice versa), where E and F are the two ends of Σ. This is due to the fact that v ∈ V (Π_2) belongs to an end-separating set S^{′′}. S^{′′} contains exactly one vertex of each Π_i. If an edge like e^′ would not exist, then the vertex which S^{′′} has in common with Π_1 could be replaced by u, since there are no edges between any Π_l , l > 2, and Π_1, and, in addition, the Π_i are induced subgraphs of Σ (otherwise an end-separating set had to contain more than m vertices). It has already been shown that u and v cannot be together in a set like S^{′′}.

The reader may note that, up to this point, planarity has not been used. This will be done now. Since all Π_i are τ-invariant, Σ contains a subdivision of the graph shown in Fig. 3.2. The same ^gure shows that this graph, and hence Σ, contains a subdivision of a K_{3;3}, which contradicts the planarity of Σ. Thence, (a) must be valid. Note, that this part also includes the Proof of (2).

Π_2

Π_1

Π_k

Figure 3.2: The thick lines yield a subdivision of a K_{3;3}. The bipartition of the main vertices of the subdivision is shown by dotted boxes resp. cycles.

(b) ΣS does not contain a vertex of degree ≥ 3.

Consider ΣS to contain a vertex Π_i of degree ≥ 3. It will be shown that, under this assumption, Σ contains a subdivision of a K_{3;3}. Let Π_j, Π_k, and Π_l be three neighbours of Π_i in ΣS . Since Σ is a strip, it is easy to ^nd a subdivision Ξ^′ of the graph Ξ consisting of two 4-cycles glued together along one edge in Σ such that three main vertices of Ξ^′ belong to Π_i and the other three main vertices of Ξ^′ belong to Π_j, and both Π_i and Π_j contain one main vertex of degree 3 of Ξ^′. Note, that the vertex set of Ξ can be partitioned into two sets of three pairwise independent vertices. To obtain a subdivision of a K_{3;3}, one needs only two more paths. These can be found easily by using Π_k for one of these paths and Π_l for the other of these paths.

(c) Now, assertion (1) follows immediately from (a), (b), and the fact that Σ is connected.

(2) has been shown at the end of the proof of (1)(a).

(3) Choose any pair of vertices x, y. The degree of Σ is at least three. Since ΣS is a cycle of length at least three and there are in^nitely many edges between 2-rays that are adjacent in ΣS , it is easy to ^nd three inner vertex-disjoint x,y-paths in Σ, even if x and y are on distinct 2-rays ∈ S.

(4) ’⇐’: Let uu^′, vv^′ be a pair of consecutive edges between Π_i and Π_{i+1} and let Θ be de^ned as in the theorem. Clearly, Θ is a cycle. Σ can be embedded into the surface of the two-way in^nite cylinder S^1 × R ⊂ R^3 in the following manner. Embed the Π_i, i ∈ [m], in such a way that the canonical projection of S^1 × R onto S^1 × {0} reduces the embedded Π_i, i ∈ [m], to single points. Because of (2), embedding the remaining edges of Σ onto geodetic arcs of S^1 × R yields an embedding S of Σ such that the interior of Θ does not intersect with the embedding of Σ. This embedding can be transformed into a plane embedding by Şgoing into the inner space of the cylinder and looking downŤ. Hence, Θ is a facial cycle of Σ. ’⇒’: Now, if Θ is a facial cycle of Σ, then it has some vertex x in common with some Π_i, i ∈ [m]. If one walks on Π_i along the edges of Θ in the clockwise order, towards the end E of Σ say, one reaches a ^rst edge uu^′ leaving Π_i, since Π_i is induced (possibly u = x). Without loss of generality, let this edge be between Π_i and Π_{i+1} (indices mod m). Because of Remark 3.1, the next edge u^′w of Θ either goes back to Π_i or is an edge of Π_{i+1}. If it goes back to Π_i, then w ∈ V (Π_i(u,F )) because of Remark 3.1. As Θ is a cycle, one even has w ∈ V (Π_i[x,F )) (w ≠ x, if u = x). If u^′w is an edge of Π_{i+1}, then, because of Remark 3.1, w ∈ V (Π_{i+1}(u^′,F )). Walking further along the edges of Θ in the clockwise order, one reaches a ^rst edge v^′v leaving Π_{i+1}. Because of Remark 3.1, this edge is an edge between Π_{i+1} and Π_i. Clearly, v ∈ V (Π_i[x,F )) since Θ is a cycle, since there is no pair of crossing edges between Π_i and Π_{i+1}, and because of Remark 3.1. If v ≠ x, then one reaches x by walking further along the edges of Θ in the clockwise order. None of these edges can leave Π_i since Θ is a cycle, since there is no pair of crossing edges between Π_i and Π_{i+1}, and because of Remark 3.1. Clearly, uu^′ and vv^′ (resp. u^′x) are a pair of consecutive edges between Π_i and Π_{i+1}.

It follows that no facial cycle does separate Σ since m ≥ 3. 2

From Lemma 3.9 (3) it follows, that every v-transitive, planar strip Σ with κ_∞ ≥ 3 has a unique plane embedding in the sense of Lemma 3.4. Furthermore, it follows that Σ has (up to isomorphism) a unique dual Σ^∗, and that the cyclic order of the faces around a vertex is the same at every vertex (which means that Σ has a vertex type), since Σ is v-transitive. For the classi^cation, it will be essential to determine all the vertex types a planar, v-transitive strip can have. For this purpose, the reader should remember EULER’s Formula:

|V | − |E| + |F| = 2, (3.1)

for every ^nite, connected, planar multigraph Γ, where |F| denotes the number of faces of any plane representation of Γ (see, e.g., HALIN [37]).

Now, consider that the ^nite, connected, plane multigraph G of degree ρ has a vertex type, (n_1.n_2.....n_ρ) say. It follows

|E| = ρ 2 |V | and (3.2)

|F| = ρ ∑_{k=1}^{|V |}_{nk}^{= |V | ρ}∑_{k=1}^1_{nk}^{. (3.3)}

Putting (3.2) and (3.3) into (3.1), one gets

|V | − ρ 2 |V | + |V | ρ ∑_{k=1}^1_{nk}^{= 2. (3.4)}

From this, one easily deduces ρ ∑_{k=1}^{nk − 2}_{nk}^{= 2 − 4}_{|V |}^{. (3.5)}

To make this formula (or a similar one) fertile for in^nite graphs, one has to be very careful, as has been pointed out by GR ĺUNBAUM and SHEPHARD [24]. Consider a 3-connected, planar strip Σ which has a vertex type and admits the translation τ. For every subgraph Ξ of Σ, call v ∈ V (Ξ) a rim vertex of Ξ if there is a facial cycle ϒ of Σ which includes v such that ϒ is not a subgraph of Ξ. Choose Σ_0 and n according to Theorem 2.43 and let Σ_1 ⊂ Σ_2 ⊂ Σ_3 ⊂ ... be the increasing sequence of subgraphs of Σ where Σ_i = Σ_{i−1} ∪ τ^{in}[Σ_0] ∪ τ^{−in}[Σ_0] for all

i ∈ N. The number of rim vertices of the Σ_i, i ∈ N, is bounded, since the facial cycles of

Σ have a bounded length and τ^{in}[Σ_0] ∩ τ^{(i+1)n}[Σ_0] is a κ_∞-seperator of Σ for every i ∈ Z. It follows that the Σ_i have an increasing ’core’ of vertices with the same vertex type. Hence one has to take into account only some bounded loss of edges/faces in equation (3.2)/ (3.3), respectively, such that in equation (3.5) only the numerator of the last fraction differs and is bounded (if worked out for the Σ_i). It follows that, for determining the possible vertex types which a planar strip Σ can have, one has the formula ρ ∑_{k=1}^{nk − 2}_{nk}^{= 2. (3.6)}

Surprisingly (or not surprisingly), this is the same formula as equation (2.1.2) in [25], which was deduced by GR ĺUNBAUM and SHEPHARD to obtain all possible arrangements of regular convex polygons (such as the equilateral triangle, the square, the equilateral pentagon etc.) with equal edge length around a vertex. It is easy to check that there are exactly 17 possible solutions of equation (3.6), and that some of these solutions admit different arrangements of the faces around a vertex, such that there are exactly the following possible vertex types left for Σ after applying EULER’s Formula (see also Fig. 2.1.1 and Table 2.1.1 in [25]):

ρ = 6 5 4 3

(3^6) (3^3.4^2) (3^2.4.12), (3.4.3.12) (3.7.42), (3.8.24) (3^2.4.3.4) (3^2.6^2), (3.6.3.6) (3.9.18), (3.10.15) (3^4.6) (3.4^2.6), (3.4.6.4) (3.12^2), (4.5.20) (4^4) (4.6.12), (4.8^2) (5^2.10), (6^3)

In particular, it follows that there are no v-transitive, planar strips of degree ≥ 7 and that all faces of a 6-regular, v-transitive, planar strip are triangles.

The fact that a planar graph has a vertex type is even more restrictive. In fact, the following propositions are valid:

Proposition 3.10.

If Γ is a 3-regular, 3-connected, planar graph of the vertex type (i. j.k), then it is impossible that one of the values i, j, and k is odd, and the other two values are distinct. 2

Proof:

Consider the proposition to be false. Let v_1 be a vertex and (i. j.k) be the vertex type of Γ, where i is odd and j ≠ k. Let f be an i-face incident with v_1, and let, in the clockwise order, the other vertices incident with f be denoted by v_2, v_3,..., v_i. Furthermore, let the j-face incident with v_1 be incident with v_2. By turns, it follows that v_2v_3 is a k,i-edge, v_3v_4 is a j,i-edge,..., v_iv_1 a j,i-edge, in spite of the fact that it has to be a k,i-edge. 2

It follows that a 3-connected, planar graph cannot have the vertex-types (3.7.42), (3.8.24), (3.9.18), (3.10.15), (4.5.20), and (5^2.10).

Proposition 3.11.

If Γ is a 4-regular, 3-connected, planar graph of the vertex type (i. j.k.l). If one of the numbers i, j, k, and l is odd and its two neighbours are distinct, then there is a triple of pairwise equal numbers among i, j, k, and l. 2

Proof:

Consider the statement to be false. Let (i. j.k.l) be a vertex type such that i is odd, j ≠ l, f be an i-face of Γ being incident with the vertices v_1, v_2,..., v_i of Γ (in the clockwise cyclic order), and the faces around v_1 in the clockwise order be an i-face, a j-face, a k-face, and an l-face. Based on the special role of i, one can distinguish four cases:

(1) i = j and k = l, (2) k ≠ j,l, (3) i ≠ j,l, and (4) i ≠ j ≠ k ≠ i.

It is easy to see the that, by turns, in any of these cases it follows that v_1v_2 is an i,l-edge, v_2v_3 is an i, j-edge, v_3v_4 is an i,l-edge,..., v_1v_2 is an i, j-edge, a contradiction. 2

It follows that a 3-connected, planar graph cannot have the vertex types (3^2.6^2), (3.4^2.6), (3.4.3.12), and (3^2.4.12). There remain only the following eleven vertex types:

ρ = 6 5 4 3

(3^6) (3^3.4^2) (3.6.3.6) (3.12^2) (3^2.4.3.4) (3.4.6.4) (4.6.12) (3^4.6) (4^4) (4.8^2) (6^3)

These vertex types can occur in 3-connected, v-transitive, planar graphs, as can be seen from the well known Archimedean tilings of the plane (e.g. see Fig. 2.1.5 in [25]).

But it is possible to exclude some more of the vertex types which will be done in Theorem 3.13. Its proof relies heavily on Lemma 3.9 which means that, from this point, the v-transitivity and ’striptivity’ will have a ^nger in the pie. The proof of Theorem 3.13 also refers to the following lemma which enables one to recognize κ_∞-separators and λ_∞-edgeseparators in v-transitive, planar strips. There is need of such a lemma, since the main parameter to classify the v-transitive, planar strips Ů apart from the vertex type Ů is κ_∞, and the parameter λ_∞ is sometimes needed and shall even be given for every classi^ed strip. Mostly, in the subsequent theorems which describe the possible structures of planar, v-transitive strips of a given vertex type there will be constructed a system of disjoint 2-rays ful^lling the conditions (a), (b), and (c) in the ^rst part of the following lemma, and one wants to know whether this set of 2-rays forms a main system.

Lemma 3.12.

Let Σ be a planar strip with the ends E and F .

(1) Furthermore, let r ≥ 3 and Π_1,..., Π_r be a system of disjoint E,F Űrays in Σ such that

(a) this family spans the vertex set of Σ, (b) contracting the Π_i, i ∈ [r], in Σ yields a cycle (with the edges Π_iΠ_{i+1}, i ∈ [r] (indices mod r)), and (c) there are in^nitely many edges between Π_i[w_i,E) and Π_{i+1}[w_{i+1},E) as well as between Π_i[w_i,F ) and Π_{i+1}[w_{i+1},F ) for some vertices w_i ∈ V (Π_i), w_{i+1} ∈ V (Π_{i+1}) (i ∈ [r], indices mod r).

Then S = {v_1,...,v_r} Ů where v_i ∈ V (Π_i) for all i ∈ [r] Ů is an E,F -separator if and only if there exists a sequence f_1,..., f_r of distinct faces of Σ such that, for all i ∈ [r], v_i is incident with f_{i−1} and f_i but not with any f_j, j ≠ i − 1,i (indices mod r). Every such separator is a κ_∞-separator of Σ.

(2) Furthermore, let Θ_1,..., Θ_q be a system of pairwise edge-disjoint E,F Űrays in Σ. Then T = {e_1,...,e_q} Ů where e_i ∈ E(Θ_i) for all i ∈ [q] Ů is an E,F -edge-separator if there exists a sequence g_1,..., g_q of distinct faces of Σ such that the Θ_i and e_i can be relabelled in such a way that

(a) for all i ∈ [q], e_i is incident with g_{i−1} and g_i but not with any g_j, j ≠ i − 1,i (indices mod q), (b) for all i ∈ [r], there exists p_i ∈ [q] such that p_1 < p_2 < ... < p_r < p_1 in some cyclic ordering of [q], and

(c) for all p_i < j < j + 1 < p_{i+1} − 1 (indices mod r), e_j and e_{j+1} are consecutive edges between Π_i and Π_{i+1}.

Every such edge-separator is a λ_∞-separator in Σ. 2

Proof:

(1),’⇐’: Consider S = {v_1,...,v_r} and a sequence f_1,..., f_r of faces of Σ to be as stated in the theorem. Note, that Σ is 3-connected. Let

C_1 = ⋃ i∈[r]

V (Π_i(v_i,E)) and C_2 = ⋃ i∈[r]

V (Π_i(v_i,F )).

Clearly, C_1 and C_2 give a partition of V (Σ − S), and it will be shown that C_1 and C_2 are distinct in^nite components of Σ − S. For that purpose, it suf^ces to show that there is no edge between a vertex in C_1 and a vertex in C_2.

Assume the contrary, namely that there is an edge xy with x ∈ C_1 and y ∈ C_2. As the following construction will show it follows that Σ contains a subdivision of a K_{3;3}, contradicting the planarity of Σ. Let x ∈ V (Π_i) and y ∈ V (Π_j). Clearly, i ≠ j, since the Π_l are induced. Hence, j = i − 1 or j = i + 1 because of (b). Without loss of generality, assume that j = i − 1 and that there is k ∈ [r] such that i < k. For the following construction, see Fig. 3.3. E

E

x y0 v_i z v_i�_1 x0 y

x00

Π_k

Π_i

F y00 Π_i+_1

Π_i�_1

Figure 3.3: The thick lines yield a subdivision of a K_{3;3}.

It is impossible that both x and y belong to f_{i−1}. Otherwise, because of Lemma 3.9 (4), some cyclic order of the vertices of f_{i−1} contains the subsequence x, v_i, y, v_{i−1}. Since r ≥ 3, it is very easy to ^nd a v_i,v_{i−1}-path in Σ which contains neither x nor y. As xy ∈ E(Σ), this contradicts Proposition 3.6.

Hence, without loss of generality, one can assume that x is not incident with f_{i−1}. It follows the existence of a vertex y^′ ∈ V (Π_i[v_i,x)) and of a vertex x^′ ∈ V (Π_{i−1}[v_{i−1},E)) such that Σ contains the edge x^′y^′ and these edge is incident with f_{i−1}. Furthermore, there exists a vertex z ∈ V (Π_i[v_i,F )) which is incident with f_i such that there is an edge joining z with a vertex from Π_{i+1}. From this vertex, one easily ^nds a path to some vertex x^{′′} on Π_k which uses only vertices of Π_{i+1},..., Π_k and which has only x^{′′} in common with Π_k. Because of (c) and since Σ is locally ^nite, one easily ^nds a vertex y^{′′} ∈ V (Π_i(x,E)) such that there is an edge incident with y^{′′} and a vertex ∈ V (Π_{i−1}[x^′,E)), and a y^{′′},x^{′′}-path which is inner disjoint to all other hitherto constructed paths (go from y^{′′} far enough in direction to E, then go over Π_{i+1}, ..., Π_{k−1} to Π_k, and then go on Π_k in direction to F till meeting x^{′′}). In a very similar way, one ^nds an x^{′′},y-path which is inner disjoint to all other hitherto constructed paths by ^rst going in direction to F and then crossing Π_{k+1},..., Π_r, Π_1,..., Π_{i−2}. This completes the construction of a subdivision of a K_{3;3} whose bipartition sets are {x,x^′,x^{′′}} and {y,y^′,y^{′′}}.

(1),’⇒’: Let {v_1,...,v_r} be an E,F -separating set such that v_i ∈ V (Π_i) for all i ∈ [r], but assume that v_i and v_{i+1} are not incident with the same face f_i. It follows the existence of an edge between Π_i and Π_{i+1} that crosses the edge v_iv_{i+1} in Σ ∪ {v_iv_{i+1}}. From this it is immediate that {v_1,...,v_r} cannot be an E,F -separating set, a contradiction.

(2) Consider the 2-rays Θ_1,..., Θ_q, the set T = {e_1,...,e_q}, the sequence of faces g_1,..., g_q, and p_1,..., p_r to be as stated in the theorem. Clearly, e_{pi} ∈ E(Π_i) for all i ∈ [r]. It will be shown that T is an E,F Űedge-separator. Let D_1 be the set of all vertices belonging to the subray of some Θ_i − e_{pi} belonging to E, and let D_2 = V (Σ) − D_1. It suf^ces to show that T is an edge-separator of D_1 and D_2.

Assume the contrary. It follows the existence of an edge w_1w_2, where w_1 ∈ D_1 and w_2 ∈ D_2. Without loss of generality, w_1 ∈ V (Π_i) and w_2 ∈ V (Π_{i−1}) for some i ∈ [r],i > 1. With the same arguments as above, it follows that it is impossible that both w_1 and w_2 belong to one of the faces ∈ {g_{pi−1} ,g_{pi−1+1},...,g_{pi−1}} ≠ /0. Now, it can be shown in the same way as above that Σ contains a subdivision of a K_{3;3}. 2

Theorem 3.13.

There is no v-transitive, planar strip Σ with m := κ_∞(Σ) ≥ 3 which has one of the vertex types (3.12^2), (3.6.3.6), (4.6.12), (3.4.6.4), and (3^4.6). 2

Proof:

Let E and F be the ends of Σ and S = {Π_1,...,Π_m} be a main system of Σ such that Π_i is adjacent to Π_{i+1} in ΣS for all i ∈ [m] (indices mod m). Furthermore, let V (Π_i) := {v^i_j | j ∈ Z} and E(Π_i) := {v^i_jv^i_{j+1} | j ∈ Z} such that the vertices with positive indices span the subrays of the Π_i that belong to F .

(3.12^2): It can immediately be seen from Lemma 3.9 that if Σ is of degree 3, then it contains no 3-faces, since the 2-rays in S are induced. Hence, the vertex type (3.12^2) is impossible.

(3.6.3.6): It follows from Lemma 3.9 that every face of Σ has vertices in common exactly with Π_i and Π_{i+1}, for some i ∈ [m], depending on the face. Now, if Σ has the vertex type (3.6.3.6) then, without loss of generality, there are a vertex v ∈ V (Π_i) and vertices u, w ∈ V (Π_{i+1}) such that v, u, and w are the vertices of a 3-face. It follows that the two 6-faces incident with v are also between Π_i and Π_{i+1}, and the only possible arrangement for the remaining 3-face incident with v implies an edge between the neighbours of v on Π_i, which contradicts the fact that Π_i is induced.

(4.6.12): Consider Σ to have the vertex type (4.6.12). Since each vertex is incident with exactly one 4-face, I := {V ( f ) | f is a 4-face} is an imprimitivity system of Σ, where the V ( f ) are the blocks of this system. According to Lemma 3.7 and because every translation of Σ induces a translation of ΣI , ΣI is a v-transitive, planar strip. Furthermore, it can easily be seen that the edges of each face of Σ are alternatingly incident with faces of the other two covalences.

Consider that there is a 4-face g of Σ such that, for some 12-face or 6-face f of Σ, V (g) ⊂ V ( f ). It follows that V (h) ⊂ V ( f ) for every 4-face h of Σ that is adjacent to f since Σ is v-transitive and 3-connected. It follows that Σ is either ^nite or disconnected, a contradiction. It follows that every 6-face (12-face) is adjacent to three (six) distinct 4-faces of Σ, respectively. From this one easily deduces that every 4-face (12-face) is adjacent to two (six) 6-faces of Σ, respectively.

Now, it shall be shown that ΣI is of degree 4. Consider an arbitrary 4-face h that is adjacent to the distinct 12-faces f and f^′ and the distinct 6-faces g and g^′. Furthermore, denote the 4-face ≠ h which is adjacent to g and f (g and f^′, g^′ and f , g^′ and f^′) with a (b, a^′, b^′), respectively. From the last paragraph it follows that h ≠ a,b,a^′,b^′ and a ≠ a^′ and b ≠ b^′. Because of symmetry, to show that ΣI has degree 4 it suf^ces to prove that a ≠ b^′. If a = b^′, then the 4,6-edge e which is incident both with a and g is also an edge of b^′. e cannot be the edge between b^′ and g^′ since g^′ ≠ g. It is also impossible that e is the edge between b^′ and the other 6-face adjacent to b^′, g^{′′} say, since this would imply g = g^{′′} in spite of the fact that both g and g^{′′} are adjacent to f^′.

It follows that ΣI is of degree 4 and that the 12-faces (resp. 6-faces) of Σ become 6-faces (resp. 3-faces) of ΣI . In fact, ΣI has the vertex type (3.6.3.6). It has already been shown that this is not possible if κ_∞(ΣI ) ≥ 3. If κ_∞(ΣI ) < 3, then ΣI must be one of the strips of degree 4 shown in Fig. 3.1. But ΣI cannot be the crossed strip since this strip does not contain triangles. It cannot be the alternating crossed ladder, since every edge of ΣI is contained in a triangle, whereas the alternating crossed ladder contains edges that are not contained in a triangle. And, ^nally, ΣI cannot be the two-way in^nite antiprism, since the graph spanned by a vertex of ΣI and its neighbourhood is not isomorphic to the graph spanned by a vertex of the two-way in^nite antiprism and its neighbourhood.

(3.4.6.4): It is less easy to show that Σ cannot have the vertex-type (3.4.6.4) (at least with the methods used here). Since each vertex is incident with exactly one 6-face, I := {V ( f ) | f is a 6-face} is an imprimitivity system of Σ, where the V ( f ) are the blocks of this system. According to Lemma 3.7, and because every translation of Σ induces a translation of ΣI , ΣI is a v-transitive, planar strip. Furthermore, remember that one can speak of ŞtheŤ faces of Σ.

Consider that Σ contains a 4-face f such that V ( f ) ⊂ V ( f^′) for some 6-face f^′ or there are two 6-faces f and f^′ such that there are (at least) two 4-faces g and g^′ between them. In the former case, since Σ is v-transitive, all vertices of f^′ belong to the same number k of 4-faces whose vertex set belongs completely to f^′, where either k = 1 or k = 2. k = 1 is impossible since the involved 4-faces are disjoint and 4 - 6. k = 2 implies that Σ is ^nite or disconnected. Hence, the former case is impossible. In the latter case, note ^rst, that g and g^′ cannot have a vertex of f in common, since, otherwise, because of the v-transitivity of Σ, all 4-faces adjacent to f are also adjacent to f^′, and Σ is ^nite or disconnected. Hence, because of the v-transitivity of Σ, there are exactly three 4-faces between f and f^′. Denote the third one with g^{′′}. Now, let, in the clockwise order, the vertices of f ( f^′) be denoted by v_1, v_2, v_3, v_4, v_5, and v_6 (v^′_1, v^′_2, v^′_3, v^′_4, v^′_5, and v^′_6), respectively. Assume, that the vertices of g are, in the clockwise order, v_1, v_6, v^′_4, and v^′_3. Clearly, Σ contains a vertex v^{′′}_5 of a 6- face f^{′′} ≠ f , f^′ such that v^{′′}_5 , v_1, and v^′_3 are the vertices of a 3-face. Then v_2 is adjacent to a vertex v^{′′}_4 of f^{′′} such that v_1, v^{′′}_5 , v^{′′}_4 , and v_2 are the vertices of a 4-face. Similarly, v^′_2 is adjacent to a vertex v^{′′}_6 of f^{′′}. In a similar way, v^′_5, v^′_4, v_6 and v_5 are adjacent to vertices of a 6-face f^{′′′}. Clearly, f^{′′′} ≠ f^{′′}, since, otherwise, because of the v-transitivity of Σ, all 4-faces ≠ g,g^′,g^{′′} that are adjacent to f and f^′ are adjacent to the same 6-face f^{′′}, and Σ is ^nite or disconnected. Furthermore, it follows that v^′_6, v^′_1, v_3, and v_4 are adjacent to the vertices of a 6-face f^{′′′′} ≠ f^{′′}, f^{′′′}. v_2 is adjacent either to v^′_5, v^′_6, v^′_1, or v^′_2. Call this vertex v^′_j. Since v_2, v^′_j, and v^{′′}_4 are the vertices of a 3-face, there exists the edge v^′_jv^{′′}_4 in Σ. Hence, v^′_j has a degree of at least 5, a contradiction.

It has been shown that distinct 4-faces that are adjacent to some 6-face f are adjacent to distinct 6-faces g,h ≠ f . Hence, there is a natural bijection between the 4-faces of Σ and the edges of ΣI , and the structure of Σ is uniquely determined by ΣI . Furthermore, ΣI has the degree six and the vertex type (3^6). κ_∞(ΣI ) < 3 is impossible, since there exists no such vtransitive, planar strip of the degree 6. Hence, ΣI is one of the strips determined in Theorem 3.14 with the parameter p ∈ {0,1,...,⌊^m_2 ⌋} (note, that the proof of Theorem 3.14 does not refer to Theorem 3.13).

Let S := {Π_1,...,Π_m} be a main system of ΣI such that V (Π_i) = {v^i_j | j ∈ Z} and E(Π_i) = {v^i_j v^i_{j+1} | j ∈ Z} for every i ∈ [m]. Furthermore, let ΣI contain the edges v^i_jv^{i+1}_j , v^i_jv^{i+1}_{j+1}, v^m_j v^1_{j−p}, and v^m_j v^1_{j+1−p} for every j ∈ Z and i ∈ [m − 1]. For every i ∈ [m] and j ∈ Z, v^i_j represents a face of Σ. Let V (v^i_j) = {v^i_{j;1},v^i_{j;2},...,v^i_{j;6}} such that v^i_{j;1} (v^i_{j;2},v^i_{j;3},v^i_{j;4},v^i_{j;5},v^i_{j;6}) is both adjacent to some vertex of v^i_{j+1} and of v^{i+1}_{j+1} (v^{i+1}_{j+1} and v^{i+1}_j , v^{i+1}_j and v^i_{j−1}, v^i_{j−1} and v^{i−1}_{j−1}, v^{i−1}_{j−1} and v^{i−1}_j , v^{i−1}_j and v^i_{j+1}), respectively, where the upper indices are taken mod m and one has to appropriately modify some lower indices by p if i = 1 or i = m (see Fig. 3.2).

If, for every i ∈ [m], Π^′_i is the 2-ray of Σ induced by the vertices v^i_{j;4}, v^i_{j;5}, and v^i_{j;6} ( j ∈ Z), and Π^{′′}_i is the 2-ray of Σ induced by the vertices v^i_{j;1}, v^i_{j;2}, and v^i_{j;3} ( j ∈ Z), then {Π^′_1,Π^{′′}_1 ,...,Π^′_m,Π^{′′}_m} is a main system of Σ: If p ≠ 0, then

{v^1_{0;6},v^1_{0;2},v^2_{0;6},v^2_{0;2},...,v^{m−p}_{0;6} ,v^{m−p}_{0;1} ,v^{m−p+1}_{1;5} ,v^{m−p+1}_{1;1} ,v^{m−p+2}_{2;5} ,v^{m−p+2}_{2;1} ,...,v^m_{p;5},v^m_{p;2}}

separates the ends of Σ, as can be veri^ed easily in the light of Lemma 3.12 (see also Fig. 3.2 for an example with m = 6 and p = 2). Note, that there is no automorphism of Σ mapping v^{m−p}_{0;6} to v^{m−p}_{0;5} , since v^{m−p}_{0;6} v^{m−p}_{0;1} is a 4,6-edge incident with two vertices belonging to a cardinality-minimal end-separating set of Σ, whereas both 4,6-edges incident with v^{m−p}_{0;5} belong to Π^′_{m−p} and, therefore, cannot be incident with two vertices belonging to the same cardinality-minimal end-separating set of Σ. Hence Σ is not v-transitive, a contradiction. If p = 0, then S := {v^1_{;4},v^1_{0;1},v^2_{1;4},v^2_{0;1},v^3_{1;4},v^3_{0;1},...,v^m_{0;1}} is a κ_∞(Σ)-separator such that, for all i ∈ [m], v^i_{1;4} and v^i_{0;1} are non-adjacent vertices of the same 4-face as well as v^i_{0;1} and v^{i+1}_{1;4} (indices mod m). This contradicts the v-transitivity of Σ, since v^1_{0;6} does not belong to such a κ_∞(Σ)-separator, because it had also to contain e.g. v^1_{;3}, v^2_{1;6}, v^2_{;3}, v^3_{2;6}, v^3_{;3}, v^4_{3;6},..., v^m_{;3}, where v^1_{0;6} and v^m_{;3} do not belong to the same 4-face.

62 The Classi�cation of All Vertex-Transitive, Planar Strips

v^1_j v^2_j v^3_j v^3_j+_1

v^3_j�_1 v^2_j�_1 v^5_j v^6_j v^4_j v^4_j+_1

v^3_{j;5} v^3_{j;3} v^3_{j;1}

v^3_{j;4} v^3_{j;6} v^3_{j;2}

Figure 3.4: The dotted graph represents ΣI for m = 6, whose structure determines the structure of Σ (bold graph). The vertices in the boxes are a κ_∞-separator for p = 2.

(3^4.6): Now, let Σ have the vertex type (3^4.6). Then, at each vertex v, in the cyclic ordering of the edges around v, there are a 3,6-edge, three 3,3-edges and a 3,6-edge. The 3,3-edge, which is between the other two 3,3-edges (called the central edge of v), cannot be the central edge of its other endvertex u. Otherwise, for every v ∈ V (Σ), the central edge of v is also the central edge of its other endvertex, v’ say, and there is a common neighbour w of v^′ and v such that wv^′ and wv are 3,3-edges. It follows, that neither v^′w nor vw is a central edge of w, a contradiction to the fact that v^′w and vw are consecutive (in the cyclic ordering of the edges around w).

It follows that, for every v ∈ V (Σ), its central edge vx and one of its non-central 3,3-edges vu belong to the same edge orbit. The other non-central 3,3-edge vw of v does not belong to this edge orbit, since, otherwise, uv is the central edge of u and wv is the central edge of w. But then ux and wx are also 3,3-edges, and xv is the central edge of both x and v, which has already been disproved above. It follows, that vw belongs to an edge orbit O that is a 1-factor of Σ.

Clearly, Σ − O is planar. Σ − O is also connected and has the vertex-type (3.4.6.4): Let, in the clockwise cyclic order, the neighbours of some vertex v be u, w, x, y, and z (in Σ), where, without loss of generality, vw ∈ O and u and z belong to the same 6-face as v. yv is the central edge of y in Σ. Hence, xy is a 3,3-edge of Σ. It follows, that xw cannot be a 3,3-edge, since otherwise xv is the central edge of both x and v. Therefore, xy is the central edge of x and wu the central edge of w. It also follows that yz ∈ O.

Since Σ − O is connected and Aut(Σ − O) ⊇ Aut(Σ), Σ − O is a v-transitive strip. As has been shown above, there exist no v-transitive, planar strips with κ_∞ ≥ 3 and the vertex type (3.4.6.4). Hence, Σ − O has connectivity either 1 or 2. Since Σ − O has degree 4, it must be some of the strips of connectivity 2 and degree 4 shown in Fig. 3.1. Σ − O cannot be the crossed strip, since this strip contains no triangles. Σ − O cannot be the alternating crossed ladder, since every vertex of this strip is contained in exactly one induced 4-cycle and three 4-cycles that induce the same K_4 (and in no other 4-cycle), whereas, in Σ − O, each vertex is contained in at least two 4-cycles that do not induce a K_4. Finally, Σ − O cannot be the 2-way in^nite antiprism, since it has an edge orbit that spans a single ray, whereas each edge orbits of Σ − O spans in^nitely many ^nite components. 2

3.2.1 ρ = 6 If Σ is a 3-connected planar graph of even degree, then two edges e and e^′ at some vertex v are called opposite edges (at v), if, in the clockwise cyclic ordering of the edges around v, there are as many edges between e and e^′ as are edges between e^′ and e.

Theorem 3.14.

Σ is a planar strip of the vertex type (3^6) with m := κ_∞(Σ) ≥ 3 if and only if Σ has one of the following structures (see Figs. 3.5, 3.6, 3.7):

V (Σ) = {v^i_j | i ∈ [m], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [m], j ∈ Z} ∪ {v^i_jv^{i+1}_j ,v^i_jv^{i+1}_{j+1} | i ∈ [m − 1], j ∈ Z} ∪ {v^m_j v^1_{j−p},v^m_j v^1_{j+1−p} | j ∈ Z},

where p ranges over 0, 1,..., ⌊^m_2 ⌋. Furthermore, if Σ has one of the above structures, then the following statements are valid:

(1) Σ is v-transitive. (2) λ_∞(Σ) = 2κ_∞(Σ).

(3) The structure of Σ is uniquely determined by κ_∞ and p. (4) There exist three edge-disjoint 2-factors Σ_a, Σ_b, and Σ_c of Σ such that

(a) each of these 2-factors uses opposite edges at every vertex of Σ, (b) the edge sets of these 2-factors together form a partition of E(Σ), (c) the components of each of these 2-factors are either exclusively 2-rays or exclusively cycles of length m, (d) at least one of these 2-factors consists of exactly m 2-rays, which is also the sum of the numbers of 2-rays contained in the other two 2-factors implying that there is at most one 2-factor containing cycles, (e) the edges of each Σ_x, x ∈ {a,b,c}, are contained in a single edge orbit of Σ, and (f) the edges of distinct Σ_x, Σ_a and Σ_b say, are in the same edge orbit if and only if Σ_a and Σ_b have an equal number of components Ů which is the case if and only if Σ_c contains cycles or if κ_∞(Σ) is even and Σ_a as well as Σ_b has^{κ∞(Σ)}_2 many components. 2

Proof:

Let Σ be a planar strip of the vertex type (3^6) with m ≥ 3. According to Lemma 3.9 (3), Σ is 3-connected and has a unique embedding S in the sense of Lemma 3.4. Note that two edges uv and uw are consecutive (in the cyclic ordering of the edges around u) if and only if they are edges of the same 3-face of Σ.

If one starts at an arbitrary edge and, inductively, generates an edge sequence by adding step by step the next two uniquely determined opposite edges, then one obtains a connected subgraph Π^a_1 of Σ of degree 2, thus a cycle or a 2-ray. Otherwise, Π^a_1 contains an edge

Figure 3.5: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (3^6) with κ_∞ = 8 and p = 0.

sequence v^1v^1_2, v^1_2v^1_3,..., v^1_k v^1, where the v^1_i are distinct vertices, such that v^1v^1_2 and v^1_k v^1 are either consecutive or there is exactly one edge between them (in the cyclic ordering of the edges around v^1). Assume k to be chosen smallest possible. In the former case, as Σ has the vertex type (3^6) and because of the construction of Π^a_1, one easily obtains the existence of vertices w_1, w_2,..., w_{k−3} and edges v^1_2v^1_k , v^1_2w_1, v^1_3w_1, v^1_3w_2, v^1_4w_2,..., v^1_{k−1}w_{k−3}, v^1_{k−1}w_1, v^1_k w_1, and w_1w_2, w_2w_3,..., w_kw_1. (For instance, v^1, v^1_2 and v^1_k induce a 3-face, implying the existence of the edge v^1_2v^1_k . As v^1v^1_2 and v^1_2v^1_3 are opposite edges, there is an edge v^1_2x between v^1_2v^1_3 and v^1_2v^1_k (in the cyclic ordering of the edges around v^1_2). Similarly, there is an edge v^1_k y between v^1_k v^1_2 and v^1_k v^1_{k−1} (in the cyclic ordering of the edges around v^1_k ). Obviously, v^1_3 ≠ x = y ≠ v^1_{k−1}, and there is an edge v^1_3x, because all faces of Σ are 3-faces. As v^1_3x, v^1_2x, and v^1_k x are consecutive edges (in the cyclic ordering of the edges around x), x cannot be one of the v^1_i , 4 ≤ i ≤ k − 2. Rename x as w_1.) Note that k ≥ 6, since otherwise one gets a contradiction fast. The edges between the w_i again form a sequence of consecutive opposite edges, but a shorter one. This contradicts the minimality of k. In the latter case (there is exactly one edge between v^1v^1_2 and v^1_k v^1), a similar argumentation is feasible.

Case (I): Π^a_1 is a 2-ray.

Assume that there have been constructed n 2-rays Π^a_1,..., Π^a_n with the vertex sets V (Π^a_i ) = {v^i_j | j ∈ Z} and the edge sets E(Π^a_i ) = {v^i_jv^i_{j+1} | j ∈ Z} (i ∈ [n]) such that there are the additional edges v^i_jv^{i+1}_j and v^i_jv^{i+1}_{j+1} for all j ∈ Z, i ∈ [n − 1]. First assume that V (Σ) is

Figure 3.6: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (3^6) with κ_∞ = 8 and p = 1.

spanned by the Π^a_i , i ∈ [n], and that there is an edge v^1_j v^1_k such that j < k and | j − k| > 1 is smallest possible. Then v^1_k v^1_j and v^1_k v^1_{k−1} are not consecutive (in the cyclic ordering of the edges around v^1_k ) because otherwise | j − k| is not smallest possible. Hence the edges v^1_k v^1_{k+1} and v^1_k v^1_j are consecutive (in the cyclic ordering of the edges around v^1_k ), and there exists the edge v^1_j v^1_{k+1} which is consecutive with the edges v^1_j v^1_k and v^1_j v^1_{j+1} (in the cyclic ordering of the edges around v^1_j ), since v^1_j v^1_k is also not consecutive with v^1_j v^1_{j+1} (in the cyclic ordering of the edges around v^1_j ). It follows the existence of the edge v^1_{j+1}v^1_{k+1} which cannot be consecutive with the edge v^1_{k+1}v^1_k (in the cyclic ordering of the edges around v^1_{k+1}) and, therefore, is consecutive with the edge v^1_{k+1}v^1_{k+2} (in the cyclic ordering of the edges around v^1_{k+1}) etc. It is easy to see that, inductively, one obtains the existence of an edge v^1_{k+1}v^1_{2k− j+1} which is possible only if n = 1. In this case, for p = j − k, one obtains exactly the edges v^1_j v^1_{j−p} and v^1_j v^1_{j−p+1}, j ∈ Z.

It has been shown that if n > 1 and the Π^a_i , i ∈ [n], span V (Σ), then Π^a_1 (and symmetrically, of course, also Π^a_n) are induced 2-rays. It is easy to see that, with the techniques used so far, for some p ∈ Z, one obtains the missing edges v^1_i v^n_{i+p} and v^1_i v^n_{i+p−1} (i ∈ Z). (It is impossible that the edges are of the form v^1_i v^n_{p−i}, since otherwise Σ has only one end.) To ^nish the induction, it remains to show that if the Π^a_i , i ∈ [n], do not span V (Σ), then there is a 2-ray Π^a_{n+1} with the vertex set V (Π^a_{n+1}) = {v^{n+1}_j | j ∈ Z} and the edge set E(Π^a_{n+1}) = {v^{n+1}_j v^{n+1}_{j+1} | j ∈ Z} such that there are the additional edges v^n_j v^{n+1}_j and v^n_j v^{n+1}_{j+1} ( j ∈ Z).

Without loss of generality, there exists a vertex v^{n+1}_i which is adjacent to v^n_i such that v^n_i v^{n+1}_i is consecutive with v^n_i v^n_{i−1} (in the cyclic ordering of the edges around v^n_i ). It immediately follows the existence of the edge v^{n+1}_i v^n_{i−1}. Let e = v^{n+1}_i x ≠ v^n_{i+1}v^n_{i−1} be the other edge

Figure 3.7: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (3^6) with one system containing κ_∞ = 8 many pairwise disjoint 2-rays and two systems containing^{κ∞}_2 many pairwise disjoint 2-rays, respectively, which is not possible if κ_∞ is odd.

which is consecutive with v^{n+1}_i v^n_i (in the cyclic ordering of the edges around v^{n+1}_i ). Then x is also adjacent to v^n_i and v^n_{i+1}. Hence x /∈ V (Π^a_1) and x ≠ v^n_j for all j ∈ Z, j ≠ i−1,i,i + 1,i + 2, since Σ is 6-regular. Clearly, x ≠ v^n_j for j ∈ {i−1,i,i + 1,i + 2}. It follows that x is a new vertex. Set v^{n+1}_{i+1} := x. With similar arguments, one shows the existence of vertices v^{n+1}_{i−2} and v^{n+1}_{i+1} that are incident with the two opposite edges of e, respectively. Inductively, one constructs a 2-ray Π^a_{n+1} as desired above, using the additional argument that none of the edges in the sequence of opposite edges starting with e is incident with an already constructed vertex v^{n+1}_j , since either this implies that the edges of the sequence are the edges of a cycle or this contradicts the fact that Σ has the degree 6. In the former case, one also gets a vertex of degree > 6.

Case (II): Π^a_1 is a cycle.

With very similar arguments and methods as those used in (I) one yields that Π^a_1 is an induced cycle, with the vertices v^1,..., v^1_k say (in this cyclic order), there are vertices v^0_1,..., v^0_k and v^2_1,..., v^2_k and edges v^1_j v^0_j , v^1_j v^0_{j+1}, v^1_j v^2_j , v^1_j v^2_{j+1}, v^0_j v^0_{j+1}, v^2_j v^2_{j+1} ( j ∈ [k], indices mod k) such that v^0_1,..., v^0_k (v^2_1,..., v^2_k ) induce two disjoint cycles Π^a_2 (Π^a_0) of length k, respectively, which together span the neighbourhood of Π^a_1. Inductively, one obtains a system (Π^a_i )_{i∈}Z of cycles of length k such that, for each i ∈ Z, V (Π^a_i ) = {v^i_1,..., v^i_k} and Σ contains the edges v^i_jv^{i+1}_j , v^i_jv^{i+1}_{j+1} ( j ∈ [k], indices mod k). As every V (Π^a_i ), i ∈ Z, separates the ends of Σ, and as Σ_b and Σ_c Ů as postulated in (4) Ů are easy to ^nd and both have the cardinality k = |V (Π^a_0)|, it follows k = m. Because Σ_b and Σ_c are edge-disjoint, the edges between two cycles Π^a_i and Π^a_{i+1} are separating the ends of Σ, the number of those edges is 2κ_∞, and the statements about the edge orbits and the v-transitivity of Σ are obvious now, the case where one of the systems Σ_a, Σ_b, and Σ_c contains cycles is completely settled.

Now, let Σ_a be a 2-factor with in^nite components as constructed in (I). Let |Σ_a| = n, and adopt the number p given above. The reader can easily deduce the existence of 2-factors Σ_b, Σ_c having exactly |n − p|, |p| in^nite components, respectively, such that (4)(a), (b), and (c) are settled. If p = 0, then Σ_c contains cycles, and the structure of Σ is as shown in (II). Otherwise, if p < 0 then n − p = n + |p|. If 0 < p ≤ n then n = |p| + |n − p|. If p > n, then p = n + |n − p|, which settles part of (4)(d). It remains to show that there is one system of cardinality κ_∞(Σ), and the assertion concerning λ_∞(Σ). Note that all 2-rays constructed here have subrays in both ends of Σ. Otherwise, if this is not true for a 2-ray contained in some Σ_x (x ∈ {a,b,c}), then this is not true for all 2-rays in Σ_x which contradicts the fact that Σ_x spans V (Σ), since Σ_x is ^nite.

Without loss of generality, assume 0 < p < n, and p > n− p. Then, according to Lemma 3.12, the following sets of vertices (edges) separate the ends of Σ, respectively:

{v^1_0,v^2_1,...,v^{p+1}_p ,v^{p+2}_p ,...,v^n_p}

({v^1_0v^1 , v^1v^2_1 , v^2_1v^2 , v^2v^3_2 , ... , v^pv^{p+1}_p , v^{p+1}_p v^{p+1}_{p+1} , v^{p+1}_p v^{p+2}_{p+1} , v^{p+2}_p v^{p+2}_{p+1} ,

v^{p+2}_p v^{p+3}_{p+1} , ... , v^n_pv^n_{p+1} , v^n_pv^1}).

In the other cases, one easily ^nds similar cardinality-minimal end-separating sets yielding m = max(n,|n − p|,|p|). This settles (4)(d) and (2). If p < 0 (p > n) then one could have started in (I) with a 2-ray Π^a_1 belonging to a system of n − p > n (p > n) pairwise v-disjoint 2-rays of Σ, respectively. Then 0 ≤ p ≤ n would have been valid. If so, then m = n and one gets all possible structures of Σ by choosing p ∈ {0,1,...,⌊^m_2 ⌋}, since p and n − p play symmetric roles, which settles also (3). It is not dif^cult to see that the statements about the edge orbits are correct and that all constructed graphs are v-transitive.

If Σ has one of the structures as described in the theorem, then it is immediate that Σ is a planar strip of the vertex type (3^6) with m ≥ 3. 2

Remark 3.15.

The proof of Theorem 3.14 almost shows that the only in^nite, connected planar graphs of the vertex type (3^6) are those listed in the theorem and the one given by the tiling of the Euclidean plane with equilateral triangles of equal size. In the proof, there is a passage where it is argued that if Π^a_1,...,Π^a_n span V (Σ), then Π^a_1 and Π^a_n cannot be glued together by edges of the form v^1_i v^n_{p−i}, since otherwise Σ has only one end. This passage has to be replaced by a passage that shows that Σ contains a subdivision of a K_{3;3} if Π^a_1 and Π^a_n are glued together in the wrong direction. 2

3.2.2 ρ = 5 The Vertex Type (3^3.4^2) Theorem 3.16.

Σ is a planar strip of the vertex type (3^3.4^2) with m := κ_∞(Σ) ≥ 3 if and only if the following statements are valid:

(1) The 2-factor Σ_1 of Σ which contains exactly all 3,4-edges of Σ consists either of in- ^nitely many disjoint induced cycles Ξ_i, i ∈ Z, all of the same length l, or of k disjoint induced 2-rays Π_1,..., Π_k, where k ∈ N is even.

(2) If Σ_1 consists of cycles, then κ_∞(Σ) = λ_∞(Σ) = l. Furthermore, the structure of Σ is uniquely determined by l and can be described as follows (see Fig. 3.8):

V (Σ) = {v^i_j | i ∈ Z, j ∈ [l]} E(Σ) = {v^i_jv^i_{j+1} | i ∈ Z, j ∈ [l], lower indices mod l} ∪ {v^i_jv^{i+1}_j | i ∈ Z, j ∈ [l]} ∪ {v^i_jv^{i+1}_{j+1} | i ∈ Z,i even, j ∈ [l], lower indices mod l}.

(3) If Σ_1 consists of 2-rays, then Σ has one of the following structures (see Fig. 3.9):

V (Σ) = {v^i_j | i ∈ [k], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [k], j ∈ Z} ∪ {v^i_jv^{i+1}_j | i ∈ [k − 1], j ∈ Z} ∪ {v^k_jv^1_{j+p} | j ∈ Z} {v^i_jv^{i+1}_{j+1} | i ∈ [k],4 | (i − 1), j ∈ Z} ∪ {v^i_jv^{i+1}_{j−1} | i ∈ [k],4 | (i − 3), j ∈ Z},

where p ∈ N_0 . The structure of Σ is determined by the parameters k and p. Furthermore, κ_∞(Σ) = max{k, p + ⌈^k_4 ⌉} and λ_∞(Σ) = max{^3_2 k,k + p + ⌈^k_4 ⌉}.

If Σ is a planar strip of the vertex type (3^3.4^2) with κ_∞(Σ) ≥ 3, then Σ is v-transitive. 2 Proof:

Let Σ be a planar strip of the vertex type (3^3.4^2) with m ≥ 3. As Σ is 3-connected (Lemma 3.9 (3)), it makes sense to speak of the faces etc. of Σ (Lemma 3.4). The subgraph Σ_1 of Σ which contains exactly the 3,4-edges of Σ is a 2-factor of Σ, thus each of its components is a cycle or a 2-ray.

First, assume that Σ_1 has at least one component Ξ_0 which is a cycle. Let V (Ξ_0) = {v^0_j | j ∈ [l]} and E(Ξ_0) = {v^0_j v^0_{j+1} | j ∈ [l], indices mod k}. Consider the 4,4-edge v^0_1u. If u = v^0_j for some j ∈ [l] then it is easy to see that l is even, j =^l_2 + 1, and v^0_2v^0_{j+1},..., v^0_{j−1}v^0_l are 4,4-edges of Σ. Now, consider the 3,3-edge v^0_1w of Σ which is consecutive with v^0_1v^0_l (in the cyclic ordering of the edges around v^0_1). Obviously, w /∈ V (Ξ_0), since w ∈ V (Ξ_0) implies that

Figure 3.8: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (3^3.4^2), where the orbit of the 3,4-edges spans in^nitely many cycles of length l = κ_∞ = 8.

Σ is ^nite or disconnected. Set v^1 := w. Clearly, v^0_l v^1 is a 3,3-edge of Σ which is consecutive with a 3,4-edge v^1v^1_l (in the cyclic ordering of the edges around v^1). Furthermore, v^0_1v^1 is consecutive with a 3,4-edge v^1v^1_2 (in the cyclic ordering of the edges around v^1). It follows the existence of the 3,3-edges v^0_1v^1_2, which is consecutive with v^0_1v^0_2 (in the cyclic ordering of the edges around v^0_1) and v^1v^1_2 (in the cyclic ordering of the edges around v^1_2), and v^1_2v^0_2, which is consecutive with v^0_1v^0_2 (in the cyclic ordering of the edges around v^0_2) and a 3,4-edge v^1_2v^1_3 (in the cyclic ordering of the edges around v^1_2). Inductively, one obtains a cycle Ξ_1 with V (Ξ_1) = {v^1_j | j ∈ [l]} and E(Ξ_1) = {v^1_j v^1_{j+1} | j ∈ [l], indices mod l} such that, for each j ∈ [l], there are the 3,3-edges v^0_j v^1_j and v^0_j v^1_{j+1} in Σ (indices mod l). It is impossible that there is a 4,4-edge incident with two vertices of Ξ_1, since this would imply that Σ is ^nite or disconnected. Inductively, one obtains a structure of Σ as described in the theorem, apart from the fact that Σ has only one end, a contradiction. Hence, u /∈ V (Ξ_0). It follows the existence of a cycle Ξ_{−1} with V (Ξ_{−1}) = {v^{−1}_j | j ∈ [l]} and E(Ξ_{−1}) = {v^{−1}_j v^{−1}_{j+1} | j ∈ [l], indices mod l} such that, for each j ∈ [l], there is the 4,4-edge v^0_j v^{−1}_j in Σ. The existence of a 3,3-edge v^0_j v^{−1}_i implies that Σ is ^nite or disconnected. Hence, it is easy to see now that Σ has a structure as described in the theorem. Furthermore, it is easy to see that Σ is v-transitive and, with the aid of Lemma 3.12, that λ_∞(Σ) = κ_∞(Σ) = l. Note, that the structure of Σ is uniquely determined by κ_∞(Σ).

Now, consider that all components of Σ_1 are 2-rays. Since Σ is a strip, there are only

Figure 3.9: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (3^3.4^2), where p = 0 and the orbit of the 3,4-edges spans k = κ_∞ = 8 disjoint 2-rays.

^nitely many such 2-rays, Π_1,..., Π_k say. For i ∈ [k], let V (Π_i) = {v^i_j | j ∈ Z} and E(Π_i) = {v^i_j v^i_{j+1} | j ∈ Z}.

1. The Π_j, j ∈ Z, are induced.

Assume that there is a 3,3-edge v^i_rv^i_s (r < s), and consider s − r to be minimal. The other 3,3-edge incident with v^i_r is incident with some neighbour v of v^i_s, since the two 3,3-edges incident with any vertex z of Σ are consecutive (in the cyclic ordering of the edges around z). If vv^i_s is a 3,3-edge, then there is a vertex w such that wv^i_s is a 3,4-edge which is consecutive with vv^i_s (in the cyclic ordering of the edges around v^i_s) and wv is a 3,4-edge which is consecutive with vv^i_s (in the cyclic ordering of the edges around v). Since wv and wv^i_s are incident with the same 3-face of Σ, they are consecutive (in the cyclic ordering of the edges around w), which contradicts the cyclic ordering of the edges around w. Furthermore, vv^i_s cannot be a 4,4-edge since v, v^i_r, and v^i_s are the vertices of a 3-face of Σ. It follows that v = v^i_{s−1} or v = v^i_{s+1}. The former case is impossible since s − r was chosen minimally. Similar, one shows that there is a 3,3-edge incident with v^i_s and v^i_{r−1}. There is an edge incident with v^i_{s+1} and v^i_{r+1} since the 3,4-edge v^i_rv^i_{r+1} and the 3,3-edge v^i_rv^i_{s+1} are consecutive (in the cyclic ordering of the edges around v^i_r), and this edge is a 3,3-edge because it cannot be a 4,4-edge and there are no 3,4-edges left. Now, it is possible to show the existence of the 3,3-edges v^i_{r+1}v^i_{s+2}, v^i_{s+2}v^i_{r+2},..., v^i_sv^i_{s+(s−r)} inductively, a contradiction to the fact that there are only two 3,3-edges incident with v^i_s. In a similar manner, one can show that there are no 4,4-edges connecting vertices of the same Π_j. This ^nishes the proof of 1.

With similar arguments as used above, one can easily show that the Π_i and their vertices can be relabelled in such a way that, for some p ∈ N_0 , Σ has a structure as described in the theorem (note that Π_1 and Π_k cannot be glued together in the reverse direction, since Σ has two ends). Because of symmetry, a negative integer value for p yields a strip isomorphic to the strip given by −p(∈ N_0 ). In particular, k is even. That Σ is v-transitive can be seen from the following arguments:

a) For every s ∈ Z, let φ_s : V (Σ) → V (Σ) be a map such that, for all i ∈ [k] and for all

j ∈ Z, φ(v^i_j) = v^i_{j+s}. Then φ_s ∈ Aut(Σ). It follows that the vertices of each Π_i, i ∈ [k], belong

to a single vertex orbit of Σ, respectively.

b) For even r ∈ [k], let φ^r : V (Σ) → V (Σ) be a map such that, for all i ∈ [k], j ∈ Z,

φ^r(v^i_j) = { v^{i+r}_j , i + r ≤ k v^{i+r−k}_{j+p} , i + r > k . Then φ^r ∈ Aut(Σ). It follows that all the vertices of all Π_i with even (odd) index belong to a single edge orbit, respectively.

c) If 4 - k, then let ψ : V (Σ) → V (Σ) be a map such that, for all i ∈ [k] and j ∈ Z, ψ(v^i_j ) = v^{k−i+1}_{− j} . Then ψ ∈ Aut(Σ). In particular, ψ(v^1_{j+p}v^k_j) = v^k_{− j−p}v^1_{− j}. If 4 | k, then let ψ^′ : V (Σ) → V (Σ) be a map such that, for all i ∈ [k] and j ∈ Z,

ψ^′(v^i_j) = { v^{k−i+1}

− j , 4|i, (i + 1) v^{k−i+1}

1− j , 4|(i + 2), (i + 3) .

Then ψ^′ ∈ Aut(Σ). In particular, ψ^′(v^1_{j+p}v^k_j) = v^k_{− j−p}v^1_{− j}. Since both ψ and ψ^′ map a vertex from a Π_i with even index to a Π_i with odd index, Σ has only one vertex orbit.

2. κ_∞(Σ) = max{k, p + ⌈^k_4 ⌉}

First, assume that p + ⌈^k_4 ⌉ ≤ k. If p > 0, then

S = {v^1_p, v^2_p, v^3_{p−1}, v^4_{p−2}, v^5_{p−3}, v^6_{p−3}, v^7_{p−4}, v^8_{p−5}, v^9_{p−6}, v^{10}_{p−6}, v^{11}_{p−7},...,

v^{p+⌈ p4 ⌉}

1 , v^{p+⌈ p4 ⌉+1} 1 ,..., v^k_1} separates the ends E and F of Σ (Lemma 3.12). If p = 0, then, clearly, S^′ = {v^1_0,...,v^k_0} separates the ends E and F of Σ. Note that |S| = |S^′| = k. It follows 2., since Π_1,..., Π_k is a system of k pairwise disjoint rays in Σ.

Now, assume that p + ⌈^k_4 ⌉ > k. Let q = k − ⌈^k_4 ⌉ and r = p + ⌈^k_4 ⌉ − k. Then

S = {v^1_{q+r}, v^1_{q+r−1},..., v^1_{q+1}, v^1_q, v^2_q, v^3_{q−1}, v^4_{q−2}, v^5_{q−3}, v^6_{q−3},

v^7_{q−4}, v^8_{q−5}, v^9_{q−6}, v^{10}_{q−6}, v^{11}_{q−7},..., v^k_1} separates the ends E and F of Σ (Lemma 3.12), since it is not dif^cult to ^nd a system of p + ⌈^k_4 ⌉ many pairwise disjoint rays in Σ such that these rays together span Σ and each of these rays has in common exactly one vertex with S. Note that |S| = r + k = ⌈^k_4 ⌉.

3. λ_∞(Σ) = max{^3_2 k, k + p + ⌈^k_4 ⌉}.

Note that it is very easy to ^nd systems of^3_2 k (k + p + ⌈^k_4 ⌉) many pairwise edge-disjoint 2-rays in Σ, respectively. If^3_2 k ≥ k + p + ⌈^k_4 ⌉, then let S contain the edges

v^1_pv^1_{p−1} , v^1_{p−1}v^2_p , v^2_pv^2_{p−1} , v^3_pv^3_{p−1} , v^3_{p−1}v^4_{p−1} , v^4_{p−1}v^4_{p−2} , v^5_{p−1}v^5_{p−2} , v^5_{p−2}v^6_{p−1} , v^6_{p−1}v^6_{p−2} , v^7_{p−1}v^7_{p−2} , v^7_{p−2}v^8_{p−2} , ... , v^s_1v^s_0

such that s is smallest possible in this sequence, and, for every i ∈ {s,...,k}, let S contain the additional edges v^i_1v^i_0 and (if 4 | (i − 1)) v^i_0v^{i+1}_1 and (if 4 | (i − 3)) v^i_1v^{i+1}_0 (indices mod k). Clearly, S contains^3_2 k edges. If^3_2 k < k + p + ⌈^k_4 ⌉, then let q = p − ⌊^k_4 ⌋ (= k + p + ⌈^k_4 ⌉ −^3_2 k) and let S contain the edges

v^1_pv^k_0 , v^1_{p−1}v^k_{−1} , v^1_{p−2}v^k_{−2} , ... , v^1_{p−q+1}v^k_{−q+1} , v^1_{p−q+1}v^1_{p−q} , v^1_{p−q}v^2_{p−q+1} , v^2_{p−q+1}v^2_{p−q} , v^3_{p−q+1}v^3_{p−q} , v^3_{p−q}v^4_{p−q} , v^4_{p−q}v^4_{p−q−1} , v^5_{p−q}v^5_{p−q−1} , v^5_{p−q−1}v^6_{p−q} , v^6_{p−q}v^6_{p−q−1} , v^7_{p−q}v^7_{p−q−1} , v^7_{p−q−1}v^8_{p−q−1} , ... , v^k_1v^k_0.

Note, that S contains q +^3_2 k = k + p + ⌈^k_4 ⌉ many edges. Either case, Lemma 3.12 yields 3.

If Σ has one of the structures given in the theorem then it is immediate that Σ is a planar strip of the vertex type (3^3.4^2) with m ≥ 3. 2

The Vertex Type (3^2.4.3.4) Theorem 3.17.

Σ is a planar strip of the vertex type (3^2.4.3.4) with m := κ_∞(Σ) ≥ 3 if and only if m is even and Σ has one of the following structures (see Fig. 3.10 for the case p = 0):

V (Σ) = {v^i_j | i ∈ [m], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [m], j ∈ Z} ∪ {v^i_jv^{i+1}_j | i ∈ [m − 1], j ∈ Z} ∪ {v^m_j v^1_{j+p} | j ∈ Z} ∪ {v^i_{2 j} v^{i+1}_{2 j−1} | i ∈ [m],i odd, j ∈ Z, upper indices mod m} ∪ {v^i_{2 j} v^{i+1}_{2 j+1} | i ∈ [m − 2],i even, j ∈ Z} ∪ {v^m_{2 j} v^1_{2 j+1+p} | j ∈ Z}, where p ranges over 0, 2,..., m. Furthermore, if Σ has one of the above structures, then the following statements are valid:

(1) Σ is v-transitive if and only if p = 0.

(2) λ_∞(Σ) =^{3m+p}_2 .

(3) Σ is uniquely determined by the parameters m and p.

(4) There exist two 2-factors Σ_a and Σ_b of Σ such that these two systems together contain exactly all 3,4-edges of Σ, Σ_a contains m 2-rays (and nothing else), and Σ_b contains either in^nitely many cycles of length m (and nothing else) or an even number p of 2-rays, where 0 < p ≤ m (and nothing else). 2

Figure 3.10: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (3^2.4.3.4) with κ_∞ = 8 and p = 0.

Proof:

If Σ is a planar strip of the vertex type (3^2.4.3.4) with m ≥ 3, then each vertex of Σ is incident with exactly one 3,3-edge. Hence the set of all 3,3-edges of Σ represents a 1-factor of Σ. Deleting all these edges from Σ, one obtains a planar strip Σ_1 of the vertex type (4^4). It follows that if κ_∞(Σ_1) ≥ 3, then Σ_1 is one of the strips described in Theorem 3.18. (Note that Theorem 3.18 refers neither to this theorem nor its proof.)

Consider κ_∞(Σ_1) ≥ 3 and let Σ_a, Σ_b, m, and p be as described in Theorem 3.18 (with respect to Σ_1). If Σ_b contains a cycle of odd length, then Σ_a contains an odd number of 2- rays. Let the 2-rays in Σ_a be denoted by Π_1,..., Π_m, with the vertex set V (Π_i) = {v^i_j | j ∈ Z}, respectively, such that the vertices on each Π_i are indexed in a natural order, and let all v^i_j, j ∈ [m], are on the same 2-ray/cycle of Σ_b. Further, let Π_i be adjacent to Π_{i+1} (indices mod m), and let m be odd. Without loss of generality, assume that there is a 3,3-edge between v^1 and v^2 in Σ. Then there is also a 3,3-edge between v^2_3 and v^3_2, since Σ has the vertex type (3^2.4.3.4). It follows that there are the 3,3-edges

v^3_1v^4_2, v^4_3v^5_2, v^5_1v^6_2,..., v^m_1 v^1_{2+p}, v^1_{3+p}v^2_{+p},

where p is the number of 2-rays in Σ_b. The latter edge is impossible, since there are only 3,3-edges of the form v^1_j v^2_{j+1} between Π_1 and Π_2, as can be veri^ed easily. This proves that m must be even. With a similar argumentation one shows that p is even, too.

Σ_1 is f-transitive. It follows that, for each choice of even numbers m (m ≥ 3) and p (0 ≤ p ≤ m), there are at most two planar strips of the vertex type (3^2.4.3.4), since the position of one 3,3-edge determines the position of all other 3,3-edges of Σ and a 4-face admits two possibilities for inserting a 3,3-edge. It is easy to see that if Σ has one of the structures described in the theorem (which cover one half of the possibilities), then mapping v^i_j to v^{i+1}_{j+1} for all i ∈ [m − 1] and j ∈ Z and v^m_j to v^1_{j+p+1} for all j ∈ Z yields an isomorphism between Σ and the graph obtained from Σ by switching all 3,3-edges in their 4-face simultaneously. Hence, Σ has one of the structures described in the theorem and cannot have any other structure.

Clearly, if Σ has one of the structures described in the theorem, then Σ is a planar strip of the vertex type (3^2.4.3.4), and Lemma 3.12 yields that

{v^1_{p−1}, v^2_{p−2}, v^3_{p−3},..., v^p_0 , v^{p+1}_0 ,..., v^m_0 }

separates the ends of Σ. It follows that κ_∞(Σ) = m. Furthermore, one gets^{3m+p}_2 edge-disjoint 2-rays in Σ by taking the m 2-rays from Σ_a and, for every even i ∈ [m + p], adding the 2-ray de^ned by the vertex sequence

..., v^1_{i+m+p}, v^2_{i+m+p−1}, v^1_{i+m+p−1}, v^m_{i+m−2}, v^{m−1}_{i+m−2}, v^m_{i+m−3}, v^{m−1}_{i+m−3}, v^{m−2}_{i+m−4},

v^{m−3}_{i+m−4}, v^{m−2}_{i+m−5}, v^{m−3}_{i+m−5}, v^{m−4}_{i+m−6}, ..., v^2_i , v^1_i , v^2_{i−1}, v^1_{i−1}, v^m_{i−p−2}, v^{m−1}_{i−p−2},

v^m_{i−p−3}, v^{m−1}_{i−p−3}, v^{m−2}_{i−p−4}, ... .

Lemma 3.12 yields that

{v^1_pv^1_{p−1}, v^1_{p−1}v^2_{p−1}, v^1_{p−2}v^2_{p−2}, v^2_{p−2}v^2_{p−3}, v^3_{p−2}v^3_{p−3}, v^3_{p−3}v^4_{p−3}, v^3_{p−4}v^4_{p−4},

v^4_{p−4}v^4_{p−5} , v^5_{p−4}v^5_{p−5} ,..., v^{p−1}_2 v^{p−1}_1 , v^{p−1}_1 v^p_1 , v^{p−1}_0 v^p_0 , v^p_0 v^p_{−1} , v^p_0 v^{p+1}_{−1} , v^{p+1}_0 v^{p+1}_{−1} ,

v^{p+2}_0 v^{p+2}_{−1} , v^{p+2}_0 v^{p+3}_{−1} , v^{p+3}_0 v^{p+3}_{−1} , ... , v^{m−1}_0 v^{m−1}_{−1} , v^{m−1}_0 v^m_{−1} , v^m_0 v^m_{−1}}

separates E and F in Σ and contains^{3m+p}_2 edges. Hence, λ_∞(Σ) =^{3m+p}_2 . Finally, it is easy to see that Σ is v-transitive if p = 0, and that Σ is not v-transitive if 0 ≠ p ≠ m. The reader may verify this by mapping some vertex v^i_j of Σ to v^i_{j+1} and using the fact that this determines uniquely the positions where all the other vertices are mapped to if the map is an isomorphism. One gets quickly a contradiction. If p = m then Σ is not v-transitive since {v^1_0, v^2_1, v^3_2,..., v^m_{−1}} separates the ends of Σ and v^2_0 is not contained in such an end-separator of Σ (starting at v^2_0 and, by turns, adding the non-adjacent vertex of the current 4-face does not yield a cycle of faces).

Now, assume that κ_∞(Σ_1) < 3. Then the proof of Theorem 3.18 yields that there are exactly two possible structures for Σ_1, namely the structures described there for r = 1, q = 2 and r = 2, q = 2. Clearly, r = 1 is impossible. If r = 2, then the structure of Σ is uniquely determined (can be seen in the same way as above), and, according to Lemma 3.12, κ_∞(Σ) =

2. 2

3.2.3 ρ = 4

Theorem 3.18.

Σ is a planar strip of the vertex type (4^4) with m := κ_∞(Σ) ≥ 3 if and only if Σ has one of the following structures (see Figs. 3.11, 3.12, 3.13):

V (Σ) = {v^i_j | i ∈ [m], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [m], j ∈ Z} ∪ {v^i_jv^{i+1}_j | i ∈ [m − 1], j ∈ Z} ∪

{v^m_j v^1_{j+p} | j ∈ Z},

where p ranges over 0, 1,..., m. Furthermore, if Σ has one of the above structures, then the following statements are valid:

(1) Σ is v-transitive, self-dual, and f-transitive. Σ is e-transitive if and only if p = m. (2) λ_∞(Σ) = m + p.

(3) The structure of Σ is uniquely determined by the parameters κ_∞ and p. (4) There exist two edge-disjoint 2-factors Σ_a and Σ_b of Σ such that

(1) each 2-factor uses opposite edges at every vertex of Σ, (2) the edge sets of these 2-factors together form a partition of E(Σ), (3) Σ_a contains exactly m 2-rays (and nothing else) and Σ_b contains p 2-rays and, if p = 0, in^nitely many cycles of length m (and nothing else), and (4) the edges of Σ_a and Σ_b are contained in a single edge orbit, respectively. 2

Proof:

Let Σ be a planar strip of the vertex type (4^4) with κ_∞(Σ) ≥ 3. According to Lemma 3.9 (3), Σ is 3-connected and has a unique embedding S in the sense of Lemma 3.4.

Let v ∈ V (Σ). If one starts with two opposite edges at v and, by turns, adds the next two edges which are opposite to the edges which are outermost in the sequence so far, one yields either a cycle or a 2-ray. (Otherwise, Σ contains a ’loop’, with the vertex set {v_1, v_2,..., v_k} and the edges v_1v_2, v_2v_3,..., v_kv_1 say, such that, for all i ∈ [k − 1], v_iv_{i+1} and v_{i+1}v_{i+2} (indices mod k) are opposite edges at v_{i+1}, and v_1v_2, v_kv_1 are consecutive edges (in the cyclic ordering of the edges around v_1). Assume k to be smallest possible. (It is easy to see that k ≥ 4.) v_1, v_2 and v_k belong to the same 4-face f_1 of Σ. Let w_1 denote the fourth vertex of this face. Clearly, w_1 ≠ v_i (i = 4,...,k − 2) since v_2w_1 and v_kw_1 are consecutive (in the cyclic ordering of the edges around w_1), and the two vacant edges at v_i (i = 4,...,k − 2) are not consecutive. Furthermore, it is easy to see that w_1 ≠ v_3,v_{k−1}. v_3, v_2, and w_1 belong to the same 4-face f_2 of Σ. Denote the fourth vertex of this face by w_2. With the same arguments, one shows that w_2 cannot be an already constructed vertex. By turns, one can construct vertices w_3, w_4,..., w_{k−2} such that Σ contains the edges w_iw_{i+1} (i ∈ [k − 2], indices mod k − 2), i.e. Σ contains a ’loop’ of length k − 2, contradicting the minimality of k.)

First, consider that one yields a cycle Ξ_0 with V (Ξ_0) = {v^i_0 | i ∈ [m]} and E(Ξ_0) = {v^i_0v^{i+1}_0 | i ∈ [m], upper indices mod m} such that m is smallest possible. Ξ_0 is induced, since otherwise there is an edge v^i_0v^j_0 such that q = j − i > 1 is smallest possible, implying

Figure 3.11: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (4^4) with the parameters κ_∞ = 8 and λ_∞ = 8. One edge orbit spans eight disjoint 2-rays, and the second edge orbit spans in^nitely many disjoint cycles.

the existence of either v^{i+1}_0 v^{j+1}_0 (contradicting Proposition 3.6, as v^{i+1}_0 v^{j+1}_0 and v^i_0v^j_0 belong to the same 4-face of Σ and Σ contains planar subgraphs containing v^{i+1}_0 v^{j+1}_0 and v^i_0v^j_0 where Ξ_0 is a facial cycle) or v^{i+1}_0 v^{j−1}_0 (contradicting the minimality of q, since ( j − 1) − (i + 1) ≤ 1 is also impossible). For all i ∈ [m], let v^i_1 /∈ V (Ξ_0) be a vertex adjacent to v^i_0. Clearly, Σ contains the edges v^i_1v^{i+1}_1 (i ∈ [m], lower indices mod m). Furthermore, all the v^i_1, i ∈ [m], are distinct, since otherwise one yields either an opposite-edge-cycle of length < m (contradicting the minimality of m) or a ’loop’ (which has already been excluded). There is no edge v^i_0v^j_1 with i ≠ j, because this would imply that Σ is either ^nite or disconnected. Now, it is easy to see that, inductively, one can construct cycles Ξ_j, j ∈ Z, with V (Ξ_j) = {v^i_j | i ∈ [m]} and E(Ξ_j) = {v^i_jv^{i+1}_j | i ∈ [m], upper indices mod m} such that, for every i ∈ [m] and j ∈ Z, Σ contains the additional edge v^i_jv^i_{j+1}, yielding the structure given by the theorem for p = 0. With the aid of Lemma 3.12, it is not dif^cult to see that κ_∞(Σ) = λ_∞(Σ) = m. Furthermore, it is very easy to see that all other statements are valid.

Now, consider that one yields a 2-ray Π_1 with V (Π_1) = {v^1_j | j ∈ Z} and E(Π_1) = {v^1_j v^1_{j+1} | j ∈ Z}. If V (Π_1) = V (Σ), then it is easy to show that, without loss of generality, Σ contains the additional edges v^1_j v^1_{j+q} for some q ∈ N \ {1}. Otherwise, there exists a vertex v^2_j which is adjacent to some vertex of Π_1, v^1_j say, and it is not dif^cult to show that Π_1 is induced and that the sequence of opposite edges passing through v^2_j which does not contain the edge v^1_j v^2_j yields a 2-ray Π_2 with V (Π_2) = {v^2_j | j ∈ Z} and E(Π_2) = {v^2_j v^2_{j+1} | j ∈ Z}

Figure 3.12: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (4^4) with the parameters κ_∞ = 8 and λ_∞ = 9. The second edge orbit here spans one 2-ray. The greater λ_∞ the more similar the second edge orbit becomes to the ^rst one.

such that, for every j ∈ Z, there exists the additional edge v^1_j v^2_j . If Π_1 and Π_2 together span Σ, then it is easy to show that, without loss of generality, Σ contains the additional edges v^2_j v^1_{j+q} for some q ∈ N \ {1}. Otherwise, one can show by induction that, for some 3 ≤ r ∈ N, there are r 2-rays Π_1,..., Π_r such that

V (Σ) = {v^i_j | i ∈ [r], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [r], j ∈ Z} ∪ {v^i_jv^{i+1}_j | i ∈ [r − 1], j ∈ Z} ∪

{v^p_j v^1_{j+q} | j ∈ Z}

for some q ∈ N (q = 0 yields a structure which has already been determined in the cycle case). With the help of Lemma 3.12 one can easily show that m = κ_∞(Σ) = max{q,r} and, provided that max{q,r} ≥ 3, Σ can be relabelled such that Σ has one of the structures in the theorem (p = min{q,r}). Furthermore, Lemma 3.12 yields that λ_∞(Σ) = m + p.

Clearly, if Σ has one of the structures given in the theorem, then Σ is a planar strip of the vertex type (4^4) with m ≥ 3 and the statements (1)Ű(4) are valid. 2

3.2.4 ρ = 3

If Σ is a 3-regular, v-transitive, planar strip with and κ_∞(Σ) ≥ 3, then λ_∞(Σ) = κ_∞(Σ), since λ_∞(Σ) ≥ κ_∞(Σ) and any pair of edge-disjoint rays in Σ is also vertex-disjoint.

Figure 3.13: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (4^4) with the parameters κ_∞ = 8 and λ_∞ = 16. Note, that this graph is e-transitive.

The Vertex Type (6^3)

Theorem 3.19.

Σ is a planar strip of the vertex type (6^3) with m := κ_∞(Σ) ≥ 3 if and only if Σ has one of the following structures (see Figs. 3.14, 3.15, 3.16):

V (Σ) = {v^i_j | i ∈ [m], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [m], j ∈ Z} ∪ {v^i_jv^{i+1}_{j+1} | i ∈ [m − 1], j ∈ {...,−3,−1,1,3,...}} ∪ {v^m_j v^1_{j+1−p} | j ∈ {...,−3,−1,1,3,...}}, where p ranges over 0, 2, 4,..., 2⌊^m_2 ⌋. Furthermore, if Σ has one of the above structures, then Σ is v-transitive and is uniquely determined by the parameters m and p, and λ_∞(Σ) = κ_∞(Σ). 2 Proof:

The dual Γ^∗ of a planar, connected graph Γ of the vertex type (6^3) is a planar, connected graph of the vertex type (3^6). Since the intersection of the boundary of two 6-faces of Σ either is empty or contains at least one edge, and Σ contains at least three pairwise disjoint 2-rays, it is easy to ^nd a main system of Σ^∗ of cardinality at least three, i.e. κ_∞(Σ^∗) ≥ 3.

Figure 3.14: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (6^3) with the parameters κ_∞ = 8 and p = 0.

Hence Σ^∗ is one of the graphs determined in Theorem 3.14. It follows, that Σ is one of the graphs as speci^ed in the theorem, since Σ^∗ has also a unique dual, namely Σ.

Now, if Σ is one of the graphs as speci^ed in the theorem, then it clearly is a planar strip with the vertex type (6^3) with κ_∞(Σ) ≥ 3. Furthermore, Σ is v-transitive. With the aid of Lemma 3.12, it is easy to show that κ_∞(Σ) = m. That λ_∞(Σ) = κ_∞(Σ) has been mentioned at the beginning of this section. 2

The Vertex Type (4.8^2)

Theorem 3.20.

Γ is a planar graph of the vertex type (4.8^2) with m := κ_∞(Σ) ≥ 3 if and only if m is even and Σ has the following structure (see Fig. 3.17):

V (Σ) = {v^i_j | i ∈ [m], j ∈ Z}, E(Σ) = {v^i_jv^i_{j+1} | i ∈ [m], j ∈ Z} ∪ {v^i_jv^{i+1}_j | i ∈ [m], j ∈ Z, (2 - i ∧ (4 | j ∨ 4 | ( j + 1))) ∨ (2 | i ∧ (4 | ( j + 2) ∨ 4 | ( j + 3)))}.

If Σ has one of the above structures, then κ_∞(Σ) = λ_∞(Σ) and Σ is v-transitive. 2

Figure 3.15: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (6^3) with the parameters κ_∞ = 8 and p = 2.

Proof:

Let Σ be a planar strip of the vertex type (4.8^2) with m ≥ 3. According to Lemma 3.9 (3), Σ is 3-connected and has a unique embedding S in the sense of Lemma 3.4. As each vertex is incident with exactly one 4-face, I := {V ( f ) | f is a 4-face} is an imprimitivity system of Σ, where the V ( f ) are the blocks of this system. Due to Proposition 3.7 and the fact that there exists a translation of Σ which induces a translation of ΣI , ΣI is a planar strip.

Consider f to be a 4-face of Σ, V ( f ) = {u,v,w,x} say, and uv to be an 8,8-edge of Σ. Then wx is also an 8,8-edge of Σ, since Σ is v-transitive. This contradicts the fact that Σ is connected and in^nite.

Now, consider two 4-faces f , f^′ of Σ and two edges uu^′, vv^′ such that u,v ∈ V ( f ) and u^′,v^′ ∈ f^′.

If u and v as well as u^′ and v^′ are not adjacent, then the vertices ≠ u,v of f , w and x say, are adjacent to non-adjacent vertices of some 4-face f^{′′} of Σ, since Σ is v-transitive. If f^{′′} = f^′, then Σ is either ^nite or disconnected. If f^{′′} ≠ f^′, then one can ^nd the next 4-face f^{′′′} of Σ in the same manner. By induction, it is easy to see that Σ is either ^nite or disconnected or (if one gets a two-way in^nite sequence of 4-faces) has connectivity 2.

If u and v as well as u^′ and v^′ are adjacent then, because of the v-transitivity of Σ, either at least one of the vertices ≠ u,v of f is adjacent to some vertex of f^′ (and, hence, Σ is not 3-connected), or the vertices ≠ u,v of f are adjacent to adjacent vertices of some 4-face f^{′′} ≠ f^′ of Σ. Inductively, one gets a two-way in^nite sequence of 4-faces in such a way that Σ has connectivity 2, a contradiction.

Figure 3.16: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (6^3) with the parameters κ_∞ = 8 and p = 8.

It remains the case that u and v are adjacent whereas u^′ and v^′ are not adjacent. Since Σ is v-transitive, there is an automorphism ϕ mapping u to u^′. ϕ maps v onto a vertex ≠ u^′,v^′ of f^′ which must be adjacent to the vertex of f that is not adjacent to u (which is ϕ(v^′)). It follows that the vertices ≠ u,v,u^′,v^′,ϕ(u),ϕ(v^′ ) in V ( f ) ∪V ( f^′) separate Σ, a contradiction to the fact that Σ is 3-connected.

Altogether, it has been shown that, whenever there are two 4-faces f ≠ f^′ of Σ, there is at most one edge connecting them, and that no 8,8-edge is adjacent with two vertices of the same 4-face. It follows that there is a natural bijection between the edges of ΣI and the 8,8-edges of Σ and that ΣI has the vertex type (4^4). Furthermore, since the 8,8-edges of Σ form an edge-orbit of Σ, ΣI is e-transitive. From Theorem 3.18 it follows that if κ_∞(Σ) ≥ 3, then ΣI is the uniquely determined planar graph of the vertex type (4^4) with λ_∞ = 2κ_∞. If κ(ΣI ) ≤ 2, then ΣI must be the crossed strip.

The structure of Σ is uniquely determined by the structure of ΣI . This is due to the fact that consecutive edges (in the cyclic ordering of some vertex f of ΣI ) belong to 8,8- edges of Σ that are incident with some adjacent vertices of the face f of Σ. Otherwise, one gets a contradiction with Proposition 3.6 (it is easy to ^nd disjoint paths in ΣI joining the endvertices other than f of two exclusive pairs of consecutive edges (in the cyclic ordering of the edges around f in ΣI ) and some disjoint paths in Σ that are mapped onto the paths in ΣI ). m is even, since m = 2κ_∞(ΣI ), which can easily be proved with the help of Lemma 3.12.

3.3 Final Remarks 83

Figure 3.17: A plane embedding in a center-cylindric perspective of the uniquely determined planar strip of the vertex type (4.8^2) with the parameter κ_∞ = 8.

It follows by an index orgy that gives a formal description of Fig. 3.18 (similar as in the (3.4.6.4)-case of Theorem 3.13, see Fig. 3.2) that Σ has one of the structures described in the theorem. It is easy to see that Σ is v-transitive.

Now, if Σ has one of the structures given in the theorem, then it is immediate that Σ is a planar strip of the vertex type (4.8^2) with m ≥ 3. 2

3.3 Final Remarks

The above theorems give also a complete classi^cation of all v-transitive, planar strips, since it has been shown that a v-transitive, planar strip Σ with κ_∞(Σ) has one of the vertex types covered by the above theorems. The theorem on the next page gives an overview about the results of this chapter with respect to this aspect.

Figure 3.18: The bold graph represents ΣI with κ_∞(ΣI ) = 8. The overlying dotted graph shows how Σ can be derived from ΣI .

Theorem 3.21.

Σ is a v-transitive, planar strip if and only if either

(1) κ_∞(Σ) = 1 and Σ is a 2-ray or (2) κ_∞(Σ) = 2 and Σ is one of the graphs shown in Fig. 3.1 or (3) κ_∞(Σ) ≥ 3 and Σ either

(a) has the vertex type (3^6) and is one of the graphs described in Theorem 3.14 or (b) has the vertex type (3^3.4^2) and is one of the graphs described in Theorem 3.16 or (c) has the vertex type (3^2.4.3.4) and is one of the graphs with the parameter p = 0 described in Theorem 3.17 or (d) has the vertex type (4^4) and is one of the graphs described in Theorem 3.18 or (e) has the vertex type (3^6) and is one of the graphs described in Theorem 3.19 or (f) has the vertex type (4.8^2) and is one of the graphs described in Theorem 3.20. 2

Bibliography

[1] P.S. Alexandroff. Einfĺuhrung in die Mengenlehre und in die allgemeine Topologie.

Deutscher Verlag der Wissenschaften, Berlin, 1984.

[2] T. Andreae. Bemerkungen zu einem Problem aus der Theorie der unendlichen Graphen. Abh. Math. Sem. Univ. Hamburg, 46:91Ű95, 1978.

[3] T. Andreae. On a problem of R. Halin concerning in^nite graphs. Disc. Math., 23:1Ű15, 1978.

[4] T. Andreae. Untersuchungen ĺuber Systeme von paarweise disjunkten Exemplaren eines unendlichen Graphen. PhD thesis, Universitĺat Hamburg, Hamburg, 1978.

[5] T. Andreae. ĺUber eine Eigenschaft Lokal^niter, Unendlicher Bĺaume. J. Comb. Th., B 27:202Ű215, 1979.

[6] T. Andreae. On a problem of R. Halin concerning in^nite graphs II. Disc. Math., 29:219Ű227, 1980.

[7] L. Babai. Vertex-Transitive Graphs and Vertex-Transitive Maps. J. Graph Th., 15:587Ű 627, 1991.

[8] L. Babai and M.E. Watkins. Connectivity of in^nite graphs having transitive torsion group action. Arch. Math., 34:90Ű96, 1980.

[9] J.-M. Brochet and R. Diestel. Normal Tree Orders for In^nite Graphs. Trans. Amer.

Math. Soc., 345:871Ű895, 1994.

[10] D.E. Cohen. Ends and Free Products of Groups. Math. Z., 114:9Ű18, 1970. [11] K. Deliniťc. On the ends of topological groups. Glasnik Mat., 11(31):217Ű229, 1976. [12] R. Diestel. On End-faithful Spanning Trees in In^nite Graphs. Math. Proc. Camb.

Phil. Soc., 107:461Ű473, 1990.

[13] R. Diestel. The end structure of a graph: recent results and open problems. Disc.

Math., 100:313Ű327, 1992.

[14] R. Diestel. On Spanning Trees and k-Connectedness in In^nite Graphs. J. Comb. Th., B 56:263Ű277, 1992.

[15] R. Diestel. Graphentheorie. Springer-Verlag, BerlinŰHeidelbergŰNew York, 1996.

[16] R. Diestel, H.A. Jung, and R.G. Mĺoller. On vertex transitive graphs of in^nite degree.

Arch. Math., 60:591Ű600, 1993.

[17] G.A. Dirac and S. Schuster. A theorem of Kuratowski. Indag. Math., 16:343Ű348, 1954.

[18] M. Ernťe. Einfĺuhrung in die Ordnungstheorie. Bibliographisches Institut & F. A. Brockhaus, MannheimŰWienŰZĺurich, 1982.

[19] R. Feix. On a property of graphs containing in^nitely many isomorphic copies of themselves. Disc. Math., 68:197Ű209, 1988.

[20] H. Freudenthal. ĺUber die Enden topologischer Rĺaume und Gruppen. Math. Z., 33:692Ű 713, 1931.

[21] H. Freudenthal. Neuaufbau der Endentheorie. Ann. Math., Ser. 2, 43:261Ű279, 1942. [22] H. Freudenthal. ĺUber die Enden diskreter Rĺaume und Gruppen. Comm. Math. Helv., 17:1Ű38, 1944.

[23] E.S. Golod and I.R. Shafarevitch. On towers of class ^elds (Russian). Izv. Akad. Nauk.

SSSR Ser. Mat., 28:261Ű272, 1964.

[24] B. Grĺunbaum and G.C. Shephard. The geometry of planar graphs. In H.N.V. Temperley, editor, Combinatorics. Proceedings of the Eighth British Combinatorial Conference, volume 52 of London Math. Soc. Lecture Notes, pages 124Ű150. Cambridge University Press, London, 1981.

[25] B. Grĺunbaum and G.C. Shephard. Tilings and Patterns. W.H. Freeman and Company, New York, 1986.

[26] G. Hahn and J. “Sirťa“n. Three remarks on end-faithfulness. Preprint, 1990. [27] R. Halin. Einige Bemerkungen ĺuber unendliche Graphen. Math. Nachr., 28:365Ű385, 1964.

[28] R. Halin. ĺUber trennende Eckenmengen in Graphen und den Mengerschen Satz. Math.

Ann., 157:34Ű41, 1964.

[29] R. Halin. ĺUber unendliche Wege in Graphen. Math. Ann., 157:125Ű137, 1964. [30] R. Halin. Charakterisierung der Graphen ohne unendliche Wege. Arch. Math., 16:227Ű 231, 1965.

[31] R. Halin. Graphen ohne unendliche Wege. Math. Nachr., 31:111Ű123, 1965. [32] R. Halin. ĺUber die Maximalzahl fremder unendlicher Wege in Graphen. Math. Nachr., 30:63Ű85, 1965.

[33] R. Halin. Die Maximalzahl fremder zweiseitig unendlicher Wege in Graphen. Math.

Nachr., 44:119Ű127, 1970.

[34] R. Halin. Automorphisms and Endomorphisms of In^nite Locally Finite Graphs. Abh.

Math. Sem. Univ. Hamburg, 39:251Ű283, 1973.

[35] R. Halin. A Note on Mengers Theorem for In^nite Locally Finite Graphs. Abh. Math.

Sem. Univ. Hamburg, 40:111Ű114, 1974.

[36] R. Halin. A problem in in^nite graph theory. Abh. Math. Sem. Univ. Hamburg, 43:79Ű 84, 1975.

[37] R. Halin. Graphentheorie. Wissenschaftliche Buchgesellschaft, Darmstadt, 2nd edition, 1989.

[38] F. Harary. Graph Theory. Addison-Wesley, Reading, Mass., 1969. [39] D.F. Holt. A Graph which is Edge Transitive but not Arc Transitive. J. Graph Th., 5:201Ű204, 1981.

[40] H. Hopf. Enden offener Rĺaume und unendliche diskontinuierliche Gruppen. Comm.

Math. Helv., 16:81Ű100, 1943/44.

[41] W. Imrich. On Whitney’s Theorem on the Unique Embeddability of 3-connected Planar Graphs. In M. Fiedler, editor, Recent Advances in Graph Theory. Proceedings of the Symposium held in Prague, June 1974, pages 303Ű306. Academia, Praha, 1975.

[42] W. Imrich and N. Seifter. A note on the growth of transitive graphs. Disc. Math., 73:111Ű117, 1988/89.

[43] H.A. Jung. Wurzelbĺaume und unendliche Wege in Graphen. Math. Nachr., 41:1Ű22, 1969.

[44] H.A. Jung. A note on fragments of in^nite graphs. Combinatorica, 1:285Ű288, 1981. [45] H.A. Jung. Some results on ends and automorphisms of graphs. Disc. Math., 95:119Ű 133, 1991.

[46] H.A. Jung. Notes on rays and automorphisms of locally ^nite graphs. Contemp. Math., 147:477Ű484, 1993. In: N. Robertson and P.D. Seymour, editors. Graph Structure Theory.

[47] H.A. Jung. On ^nite ^xed sets in in^nite graphs. Disc. Math., 131:115Ű125, 1994. [48] H.A. Jung and P. Niemeyer. Decomposing Ends of Locally Finite Graphs. Math.

Nachr., 174:185Ű202, 1995.

[49] H.A. Jung and M.E. Watkins. On the Connectivities of Finite and In^nite Graphs. Mh.

Math., 83:121Ű131, 1977.

[50] H.A. Jung and M.E. Watkins. Fragments and Automorphisms of In^nite Graphs. Europ. J. Comb., 5:149Ű162, 1984.

[51] D. Kĺonig. Theorie der endlichen und unendlichen Graphen. Akademische Verlagsgesellschaft, Leipzig, 1936.

[52] K. Kuratowski. Sur le probleme des courbes gauches en topologie. Fund. Math., 15:271Ű283, 1930.

[53] J. Lake. A problem concerning in^nite graphs. Disc. Math., 14:343Ű345, 1976.

[54] B. Mohar. Some relations between analytic and geometric properties of in^nite graphs.

Disc. Math., 95:193Ű219, 1991.

[55] R.G. Mĺoller. Ends of graphs. Math. Proc. Camb. Phil. Soc., 111:255Ű266, 1992. [56] R.G. Mĺoller. Ends of graphs. II. Math. Proc. Camb. Phil. Soc., 111:455Ű460, 1992. [57] R.G. Mĺoller. Groups acting on locally ^nite graphs Ů a survey of the in^nitely ended case Ů. Preprint, Science Institute, University of Iceland, Reykjavik, (38 pages), 1993.

[58] P. Niemeyer. On Translations of In^nite Graphs. Preprint, January 1995. [59] P. Niemeyer. A New Ray Distinguishing Concept with Applications to Symmetries of Locally Finite Graphs. PhD thesis, Technische Universitĺat, Berlin, 1996.

[60] M.A. Picardello and W. Woess. Harmonic Functions and Ends of Graphs. Proc. Edinb.

Math. Soc., 31:457Ű461, 1988.

[61] N. Polat. Aspects topologiques de la sťeparation dans les graphes in^nis. I. Math. Z., 165:73Ű100, 1979.

[62] N. Polat. Aspects topologiques de la sťeparation dans les graphes in^nis. II. Math. Z., 165:171Ű191, 1979.

[63] N. Polat. Couplages et transversaux gťenťeralisťes d’un hypergraphe in^ni. J. Comb. Th., B 32:293Ű315, 1982.

[64] N. Polat. Dťeveloppements terminaux des graphes in^nis. I. Arbres maximaux coterminaux. Math. Nachr., 107:283Ű314, 1982.

[65] N. Polat. Dťeveloppements terminaux des graphes in^nis. II. Degrťe de dťeveloppement terminal. Math. Nachr., 110:97Ű125, 1983.

[66] N. Polat. Dťeveloppements terminaux des graphes in^nis. III. Arbres maximaux sans rayon, cardinalitťe maximum des ensembles disjoints de rayons. Math. Nachr., 115:337Ű352, 1984.

[67] N. Polat. Topological aspects in in^nite graphs. In G. Hahn, G. Sabidussi, and R.E.

Woodrow, editors, Cycles and Rays, NATO ASI, C, pages 197Ű220. Kluwer Academic Publishers, DordrechtŰBostonŰLondon, 1990.

[68] N. Polat. A Mengerian Theorem for In^nite Graphs with Ideal Points. J. Comb. Th., B 51:248Ű255, 1991.

[69] N. Polat. Spanning Trees of In^nite Graphs. Czech. Math. J., 41(116):52Ű60, 1991. [70] N. Polat. Coterminal spanning trees of countable graphs with prescribed sets of rays.

Preprint, 1992.

[71] N. Polat. A minimax theorem for in^nite graphs with ideal points. Disc. Math., 103:57Ű 65, 1992.

[72] N. Polat. Spanning trees of countable graphs omitting sets of dominated ends. Preprint, 1992.

[73] G. Sabidussi. Dendroids, End-Separators, and Almost Circuit-Connected Trees. In G. Hahn, G. Sabidussi, and R.E. Woodrow, editors, Cycles and Rays, NATO ASI, C, pages 221Ű236. Kluwer Academic Publishers, DordrechtŰBostonŰLondon, 1990.

[74] P. Seymour and R. Thomas. An end-faithful spanning tree counterexample. Disc.

Math., 95:321Ű330, 1991.

[75] E. Specker. Endenverbĺande von Rĺaumen und Gruppen. Math. Ann., 122:167Ű174, 1950/51.

[76] J.R. Stalling. On torsion-free groups with in^nitely many ends. Ann. Math., 88:312Ű 334, 1968.

[77] C. Thomassen. Planarity and Duality of Finite and In^nite Graphs. J. Comb. Th., B 29:244Ű271, 1980.

[78] C. Thomassen. Kuratowski’s Theorem. J. Graph Th., 5:225Ű241, 1981.

[79] C. Thomassen. In^nite Connected Graphs with No End-Preserving Spanning Trees. J.

Comb. Th., B 54:322Ű324, 1992.

[80] C. Thomassen and W. Woess. Vertex-Transitive Graphs and Accessibility. J. Comb.

Th., B 58:248Ű268, 1993.

[81] C. Vanden Eynden. On a paper of Lake about in^nite graphs. Disc. Math., 18:97, 1977.

[82] P.D. Vestergaard. Finite and In^nite Graphs whose Spanning Trees are Pairwise Isomorphic. In L. Døvling Andersen, I. Tafteberg Jakobsen, C. Thomassen, B. Toft, and P.D. Vestergaard, editors, Graph Theory in Memory of G. A. Dirac, volume 41 of Ann. Disc. Math., pages 421Ű436. North-Holland Publ. Co., AmsterdamŰNew YorkŰ Oxford, 1989.

[83] J. “Sirťa“n. End-faithful forests and spanning trees in in^nite graphs. Disc. Math., 95:331Ű 340, 1991.

[84] J. “Sirťa“n and “L. Niepel. A re^nement of Halin’s end-faithful spanning tree theorem.

Abh. Math. Sem. Univ. Hamburg, 59:85Ű88, 1989.

[85] K. Wagner. Fastplĺattbare Graphen. J. Comb. Th., 3:326Ű365, 1967.

[86] K. Wagner. Graphentheorie. Bibliographisches Institut & F. A. Brockhaus, MannheimŰWienŰZĺurich, 1970.

[87] M.E. Watkins. In^nite Paths That Contain Only Shortest Paths. J. Comb. Th., B 41:341Ű355, 1986.

[88] M.E. Watkins. Edge-transitive strips. Disc. Math., 95:359Ű372, 1991.

[89] H. Whitney. Non-separable and planar graphs. Trans. Amer. Math. Soc., 34:339Ű362, 1932.

[90] W. Woess. Amenable group actions on in^nite graphs. Math. Ann., 284:251Ű265, 1989.

[91] D.R. Woodall. A Note on a Problem of Halin’s. J. Comb. Th., B 21:132Ű134, 1976. [92] B. Zelinka. Uneigentliche Knotenpunkte eines Graphen. “Casopis P“est. Mat., 95:155Ű 169, 1970.

[93] J. Zuther. ĺUber die Verzweigungsstrukturen von unendlichen Digraphen. Diplomarbeit, Universitĺat Hamburg, Juli 1993.

[94] J. Zuther. Ends in digraphs. Disc. Math., accepted.